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Abstract
Vasiliev equations facilitate globally defined formulations of higher-spin gravity in various corre-
spondence spaces associated with different phases of the theory. In the four-dimensional case this in-
duces a correspondence between a generally covariant formulation in spacetime with higher-derivative
interactions to a formulation in terms of a deformed symplectic structure on a noncommutative dou-
bled twistor space, whereby spacetime boundary conditions correspond to sectors of an associative
star-product algebra. In this paper, we look at observables given by integrals over twistor space defin-
ing composite zero-forms in spacetime that do not break any local symmetries and that are closed on
shell. They are nonlocal observables that can be evaluated in single coordinate charts in spacetime and
interpreted as building blocks for dual amplitudes. To regularize potential divergencies arising in their
curvature expansion from integration over twistor space, we propose a closed-contour prescription that
respects associativity and hence higher-spin gauge symmetry. Applying this regularization scheme to
twistor-space plane waves, we show that there exists a class of dual amplitudes given by supertraces.
In particular, we examine next-to-leading corrections, and find cancellations that we interpret using
transgression properties in twistor space.
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1 Introduction
1.1 Summary of our results
In this paper, we examine a particular type of classical observables of Vasiliev’s four-dimensional bosonic
higher-spin gravities [1, 2] (see also [3, 4]), namely the zero-form charges introduced in [5] and evaluated
on exact solutions in [5, 6, 7]; see also [8] and the forthcoming papers [9, 10]. These observables are defined
in terms of the full master fields of the theory. They can be expanded in terms of non-local functionals of the
dynamical scalar field and the on-shell curvatures of the dynamical gauge fields with positive integer spin,
known as generalized Weyl tensors. The aim of our paper is to examine their curvature expansion in more
detail in certain sectors of the theory.
In unfolded dynamics [11, 12], the scalar as well as the generalized Weyl tensors are treated together with
all their nontrivial space-time derivatives on the mass shell as independent differential zero-form fields. The
unfolded formulation thus amasses an infinite-dimensional set of zero-forms, whose integration constants
contain the local degrees of freedom of the theory. This set constitutes a single master field, referred to as
the Weyl zero-form, taking its values in a unitarizable representation of the higher-spin algebra, the twisted-
adjoint representation. The zero-form charges are thus functionals of the Weyl zero-form that are closed on
shell and that hence can be evaluated at some arbitrarily chosen point in spacetime. Their being on-shell
closed is equivalent to that they do not break any higher-spin gauge symmetries, which is important for their
physical interpretation3 .
A key feature of Vasiliev’s formulation of four-dimensional higher-spin gravity is that the twisted-adjoint
representation space, where thus Weyl zero-form belongs, has a dual description in terms of functions on
the two-complex-dimensional twistor space treated as a noncommutative manifold with a star product. In
this fashion, twistor-space boundary conditions correspond to boundary conditions on the dynamical fields
in spacetime. The higher-spin symmetry then organizes various sets of such duals pairs of boundary con-
ditions into irreducible representations that make up different sectors of the theory. This leads to a key
physical problem, namely to determine which combinations of such sectors constitute globally well-defined
formulations of four-dimensional higher-spin gravity.
In this paper, we shall focus on a particular sector of the theory, consisting of twistor-space plane waves,
3In particular, it means that they can be used to enrich the parity-violating interaction ambiguity of bosonic higher-spin gravities
[9].
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as originally introduced in [13, 14]. The perturbative completion of classical solutions starting from lin-
earized twistor space plane waves, has been studied in [3, 15], where in particular the issue of convergence
of the star-products was analyzed, as we shall review briefly in what follows. As was established in [3, 15],
the plane-wave sector is free of any divergencies at the level of the locally defined fundamental master fields.
In what follows, we shall examine the effect of inserting these perturbatively defined solutions into the
classical observables given by the zero-form charges introduced in [16, 5]4. A key feature of the zero-form
charges are that they are functionals of the Weyl zero-form, which is a locally defined object, that are invari-
ant under all higher-spin gauge symmetries off shell. This implies that the zero-form charges are globally
defined off shell and de Rham closed on shell. Unlike generic intrinsically defined and hence nonlocal ob-
servables, which typically requires many space-time charts for their evaluation, the zero-form charges can
be evaluated in a single chart and interpreted as basic building blocks for dual twistor-space amplitudes, as
we shall discuss below. The zero-form charges are given by traces of star-products of the Weyl zero-form.
The trace operations is defined by integration over twistor space with insertions of various combinations of
holomorphic and anti-holomorphic Klein operators, realized using Weyl ordering as Dirac delta functions.
While the star-products have finite curvature expansions in the plane-wave sector, in accordance with [3, 15],
potential divergencies arise in the trace operation.
In order to regularize these, we propose a perturbatively defined prescription whereby the auxiliary open-
contour integrals appearing in the curvature expansion of the master fields [1, 2] are replaced by auxiliary
closed-contour integrals via an insertion of a logarithmic branch cut; see Eq. 47. As we shall show in Section
4, in the sector of twistor-space plane waves, this yields a well-defined curvature expansion of the particular
type of zero-form charges obtained by inserting both types of Klein operators into the trace. In this case, the
potential divergencies can be avoided by deforming the closed contours while preserving associativity and
hence higher-spin gauge symmetry. Working within this scheme, we examine next-to-leading corrections
and find cancellations that we interpret using transgression properties in twistor space.
We also encounter other formally defined gauge-invariant functionals that have actual divergencies in
the sector of twistor-space plane waves. These objects may have two interpretations. One is that they are
simply ill-defined as physical observables and should not be considered at all. An alternative approach,
is to instead examine whether they can be regularized in other sectors of the theory, such as unitarizable
representations of the higher-spin algebra, which we leave for future studies. Our paper contains a number
of comments pertaining to the latter more general picture, that by now is starting to become clearer, and that
4For further constructions of zero-form charges, see [17, 6]. The roˆles of massive parameters and the related notion of a dual
Weyl zero-form in strictly massless theories are addressed in [8]. For similar constructions in the case of de Sitter gravity, see [18].
4
we hope will stimulate further progress in this field.
1.2 Plan of the paper
The rest paper is organized as follows:
The remainder of Section 1 contains further general remarks on how the unfolded approach lends itself
naturally to studying observables and semi-classical localizability.
In Section 2 we review the Vasiliev equations in the case of four-dimensional minimal bosonic higher-
spin gravities, and outline their curvature expansion in “twistor gauge” which yields a unique perturbative
expansion for real-analytic initial data in twistor space. We also discuss the unfolded treatment of initial and
boundary values and the corresponding notion of moduli spaces of globally defined classical solutions.
In Section 3 we examine further the key roˆle played by the Weyl zero-form in unfolded dynamics, and
we present locally accessible zero-form observables and discuss how these can be used to examine the
localizability of states.
In Section 4 we propose a perturbatively defined closed-contour scheme for regularizing potential di-
vergencies in star products and traces in twistor-space that preserves associativity and hence higher-spin
gauge invariance and that reduces to the open-contour scheme for sufficiently regular initial data. We then
apply this scheme to the curvature expansion of zero-form invariants in the sector of twistor-space plane
waves. We find that several observables, based on supertraces, remain uncorrected in the next-to-leading
order which we interpret using a transgression formula in twistor space.
Finally, in Section 5 we conclude by summarizing our results and outlining future directions.
In Appendix A we fix our conventions for the star product.
1.3 Observables, regularization and localizability
In generally covariant field theories, the classical solution spaces, or moduli spaces, consist of gauge equiv-
alence classes of boundary conditions. The classical functions on these spaces, or classical observables,
are intrinsically defined functionals of the locally defined fields, i.e. functionals that are gauge invariant
off shell and diffeomorphism invariant on the base manifold on shell; for details in the case of higher-spin
gravity, see the forthcoming papers [19, 9]. In this sense, there is an intimate interplay between the choices
of on-shell observables and off-shell structure group. This leads to the notion of a topological symmetry
breaking mechanism that induces various moduli spaces, which one may refer to as homotopy phases of a
generally covariant field theory.
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Visualizing these moduli spaces using classical observables, the physically relevant issues are i) the
dynamical nature of the topological symmetry breaking mechanism, i.e. its implementation at the level
of a path integral (for discussion in the case of higher-spin gravity, see [19, 9]); and ii) whether spaces
of linearized initial data belonging to unitary, or unitarizable, representations of the gauge algebra can
be completed, perturbatively or by exact methods, into spaces of globally defined full solutions forming
subspaces of suitable homotopy phases. On physical grounds, one expects that unitarizability arises in
sectors of the theory consisting of multi-body solutions that factorize in limits into products of single-body
solutions occupying finite regions of background spacetimes. The factorization should arise from imposing
suitable boundary conditions on the base manifold as well as in target space, leading to multi-body systems
in which each body has a well-defined center-of-mass. As their spatial separation becomes large, one may
then require that the separate bodies decouple from each other in the sense that the classical observables
exhibit cluster decomposition, as we shall discuss in more detail below. This form of localizability should
be independent of non-localities appearing via gauge artifacts or in higher-derivative interactions in the
locally defined effective equations of motion.
Physically speaking, at scales far from cosmological or Planckian regimes, it makes sense to sidestep
and temporarily postpone the study of the aforementioned issues in the case of general base manifolds, and
begin by focusing on perturbative expansions of amplitudes around background metrics of simple topology
and with boundary conditions imposed on the dynamical fields. The resulting amplitudes are holographic
observables tied to the boundaries [20], serving as the basic building blocks for a topological sum, or as
generating functions, in suitable limits, of localized bulk observables such as relational observables [21] and
flat-space scattering matrix elements [22]. This leads to the notion of order parameters for soldered and
metric phases. These are the holographic observables and other classical observables that depend on metric
structures, such as homotopy charges, minimal areas and possibly partition functions of tensile branes. In
the off-shell formulation, these order parameters break the gauge symmetries of the soldering one-form, i.e.
the local translations. 5
There are also observables that do not break any local symmetries, including locally defined translations,
and which hence remain valid in the unbroken phase. A particular class of such observables are locally
accessible in the sense that they can be evaluated using the field content of a single coordinate chart. In
the unfolded formulation, these observables are composite zero-forms I = I (Φ) where Φ is the Weyl
5Off shell, the soldering one-form belongs to a section of the gauge bundle associated to the principle gauge bundle of the
structure group i.e. the group generated by the unbroken gauge parameters; for further details in the context of higher-spin gravity,
see the forthcoming paper [9]. In the metric phase, the soldering one-form is assumed to be invertible. On shell, its gauge parameters
belong to a section of the gauge bundle and are associated to globally defined vector fields thus identifiable with diffeomorphisms.
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zero-form [11, 12]; see also below. These observables are valid also in the soldered and the metric phases,
where they can be expanded in terms of all possible on-shell derivatives of the locally defined fields. Unlike
the order parameters, these observables remain nontrivial as the metric background degenerates or becomes
insignificant in comparison to the size of metric fluctuations. Their not breaking any gauge symmetries, i.e.
δǫI = 0, is equivalent to that they are globally defined off shell and de Rham-closed on shell, i.e. dI = 0
modulo the equations of motion. One may hence refer to them as zero-form charges.
There are several ways of interpreting the zero-form charges. In the classical theory, they have a natural
interpretation as Casimir invariants for locally defined systems of linearized unfolded equations of motion
[8]. Two such systems, associated to two overlapping coordinate charts, can be glued together on shell only if
all zero-form charges agree. In the quantum theory, one may instead seek to interpret them as basic building
blocks for amplitudes, namely the on-shell values of certain deformations [9] of the topological action
principle of [19] generalizing the action principle of [12] recently revisited in [23]. In this context, their
perturbative Φ-expansions, viz. I (Φ) =
∑∞
n=0 I
(n)(Φ, . . . ,Φ), yield multi-linear and bose-symmetric
functionals I (n)(Φ1, . . . ,Φn), that we refer to as quasi-amplitudes. One may ask:
• How to regularize quasi-amplitudes?
Let us precise the question as follows: The candidate unitarizable representations of the higher-spin
algebra arise in the abstract Weyl zero-form module as the result of choosing boundary conditions.
In the presence of a finite cosmological constant, these representations have the property of being
isomorphic to their duals; for a general discussion, see for example [8, 24] 6. More generally, di-
rect products of such self-dual representations may contain singlets, which correspond to zero-form
charges of the free theory arising in the leading order of the Φ-expansion. One may then examine
whether these free-theory zero-form charges can be dressed by sub-leading equivariant corrections
into perturbatively defined zero-form charges of the full theory. In the metric phase, these corrections
are expansions in derivatives of fluctuations of the dynamical fields, given in units of the cosmologi-
cal mass-scale. In unitarizable sectors, these expansions, which are now taken on shell with specific
boundary conditions, may become strongly coupled in which case their evaluations require regular-
ization schemes, that may be specific to the sectors under study.
• How to identify sectors of localizable states?
Let us precise the question as follows: Independently of whether the equations of motion contain non-
6For strictly massless models, such as Yang-Mills theory in flat spacetime and gravity with vanishing cosmological constant,
the construction of locally accessible observables appears to require an extension of the Weyl zero-form by a dual Weyl zero-form
Φ∗ containing unfolded generalizations of vacuum expectation values [8, 24].
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local interactions or not, the physically relevant question is whether the theory admits boundary con-
ditions corresponding to unitarizable sectors of states {f sipi } that are i) labeled by points pi and internal
labels si; and ii) localizable in spacetime in the sense that the quasi-amplitudes I (n)(f s1p1 , . . . , f snpn )
fall off sufficiently fast as the points pi, i = 1, . . . , n, are separated spatially; c.f. the fall-off behav-
iors of holographic amplitudes [25, 26] and the curvature tensors in the one-body soliton solutions of
[27, 28, 29, 30, 10].
In what follows, we shall examine these two issues in mode detail in the case of Vasiliev’s four-
dimensional higher-spin gravity where the zero-form charges are given by integrals over a twistor space
[16, 5, 17, 6].
1.4 Generalities of unfolded dynamics
To examine whether metric phases can be generated dynamically by perturbing unbroken phases by metric
order parameters, it is natural to start from Vasiliev’s unfolded dynamics [11, 12]. The reason is that unfolded
dynamics provides manifestly diffeomorphism-invariant parent formulations of generally covariant quantum
field theories in which i) the locally defined classical field dynamics is described by a topological field theory
that does not refer to a non-degenerate metric background; ii) effective frame-like formulations arise upon
perturbative eliminations of auxiliary fields assuming that a soldering one-form is invertible (whether or not
the graviton is dynamical); and iii) the transition between topological and metric phases is smooth at the
level of counting locally accessible and gauge invariant degrees of freedom, as we shall discuss in more
detail below. In other words, these unfolded parent formulations disentangle the two roˆles usually played by
the metric as gauge field for local translations as well as carrier of local spin-two degrees of freedom. As a
result, the former roˆle arises upon soldering while the latter roˆle is taken over by an independent spin-two
Weyl zero-form field7
The aforementioned features are innate in unfolded dynamics since it is based on the formulation of
field theory starting from algebraic structures that are more rudimentary than metric structures, namely
various graded differential algebras, ranging from the free and graded commutative case to the strongly
homotopy associative one, via the quasi-free and associative graded differential algebras, which are the ones
of relevance for Vasiliev’s higher-spin gravities. The graded commutative case, i.e. which is the natural first
differential-form generalization of the theory of fiber bundles associated to principal bundles for Lie groups
7In particular, ordinary relativistic quantum field theories in rigid metric backgrounds, such as flat spacetime, arise as sponta-
neously broken phases of diffeomorphism invariant topological field theories with dynamical vielbein and Lorentz connection and
fixed, non-dynamical spin-two Weyl zero-form, vanishing for flat spacetime.
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over classical base manifolds, was explored already in the pioneering works of Cartan and other early
mathematicians (for example, see [31] for a review). It was then refined by Sullivan [32], and furthermore
brought in contact with supergravities by [33, 34, 35, 36, 37] though in a hybrid set-up that exploits only
partially the utilities of differential algebras.
These were taken into account more fully by Vasiliev [11, 12] in the context of reconciling higher-
spin and general covariance on shell8. In doing so, Vasiliev identified the key roˆles played by i) infinite-
dimensional Weyl zero-form modules in deforming gauge structures on shell [11, 12]; and ii) the natural
generalization of free and graded commutative differential algebras to quasi-free and associative dittos on
noncommutative base manifolds and correspondence spaces. These two refinements together form the cor-
nerstones in his monumental works [1, 2] (see also [3, 4]) on fully nonlinear unfolded equations of motion
for four-dimensional higher-spin gravities9, later extended to lower dimensions [43, 44]10 as well as sym-
metric tensor gauge fields in higher dimensions [47]11.
We remark that the generalization of unfolded dynamics to strongly homotopy associative graded dif-
ferential algebras is based on generalized Hamiltonian quantum field theories in more than one dimension.
These theories have been developed, largely independently of unfolded dynamics, within topological AKSZ-
BV field theory [49, 50, 51, 52, 53, 54, 55] and later adapted to Vasiliev’s correspondence-space formalism
in [56, 57]. Within this context, it is natural to impose a quantum version of Weyl’s Gauge Principle,
whereby Nature is to be described by hierarchic duality web consisting of unfolded quantum field theories.
As one goes upward in the hierarchy, ghost number at one level becomes identified with form degree at the
next level in such a way that the master equation and topological summation uplifts to unfolded equations
of motion and radiative corrections, respectively.
In this context, the Vasiliev systems in various dimensions and with different amounts of supersym-
metry and other internal quantum numbers have been proposed to be the master theories for i) free (su-
per)conformal field theories restricted to bilinear composites [58, 59, 60, 25, 26] with double-trace sewing
operations [59]; and ii) topological open strings in (super)singleton phase spaces [16]. This massless duality
web has furthermore been proposed to fit into tensionless limits of string and M theories with cosmological
constants [58, 59, 61, 16]. The Vasiliev systems are then viewed as classically consistent truncations of
8For reviews on higher-spin gauge theories, see [38, 39, 40]; [41] which stresses formal structures and third-quantization; and
[42] which is a non-technical review of the key mechanisms going into the higher-spin extensions of ordinary gravity.
9See also [6] for generalizations to various signatures including chiral models in Kleinian and Euclidean signatures.
10See also [45, 15] containing an interesting mechanism of relevance to topologically massive and/or chiral gravities in three
dimensions. We note that three-dimensional higher-spin gravities without matter [46] sit on-shell as consistent truncations of
corresponding matter-coupled Vasiliev systems obtained by setting all zero-forms to zero.
11See also [48] for an alternative trace-unconstrained formulation.
9
hitherto unknown massively extended higher-spin gauge theories that are to be the master theories for i) free
(super)conformal field theories restricted to multi-linear composites [58, 59, 61] with double-trace sewing
operations [59]; and ii) topological Wess–Zumino–Witten models with spectral flow [16, 62], critical W-
gaugings [16] and compatible gaugings corresponding to Vasiliev’s deformed oscillator algebra (arising in
continuum limits of the topological open strings [16]).
Having made these general remarks on what one may arguably refer to as the salient features of unfolded
dynamics and the crucial role it has played so far in developing higher-spin gravity, we now turn to the main
part of the paper.
2 Vasiliev’s four-dimensional minimal-bosonic higher-spin gravity
In this section we present Vasiliev’s unfolded formulation of four-dimensional higher-spin gauge theories,
including gravity, in the case of bosonic models. The unfolded equations of motion provide a fully nonlin-
ear and background independent description of classical higher-spin gravities12. Their expansions around
various backgrounds yield perturbative formulations in terms of different sets of dynamical fields. In par-
ticular, in the case of the minimal bosonic models, there exists such a perturbative expansion in terms of a
dynamical scalar, a metric and a tower of symmetric tensor-gauge fields, also known as Fronsdal tensors, of
even ranks, living on a four-dimensional manifold. In this perturbative formulation, which is along the lines
of the Fronsdal Programme [42] and lends itself to physical interpretations in terms of ordinary relativistic
field theory, the four-dimensional diffeomorphism invariance is manifest while the higher-spin gauge sym-
metries are not, and instead hold only formally in a double perturbative expansion in terms of weak fields
and derivatives, given in units of a cosmological constant. The background independent formulation is cru-
cial, however, for the purpose of providing the theory with a globally defined geometric formulation and
related classical observables [9], which can then of course be expanded perturbatively.
2.1 Locally defined unfolded equations
2.1.1 Unfolded formulation in correspondence space
The unfolded equations of motion amount to constraints on the generalized curvatures of two master dif-
ferential forms, Φ̂ and Â, of degrees zero and one, respectively. These fields are elements in the unital,
graded noncommutative and associative ⋆-product algebra Ω(C ) consisting of differential forms on C , a
12For a maximally duality extended off-shell description of four-dimensional bosonic models, see [19].
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noncommutative correspondence space given locally by the product
C
loc
∼= B × Y , (1)
where B and Y are noncommutative base and fiber manifolds, respectively. Letting d̂ denote the exterior
derivative on C , and VY the symplectic volume form on Y , the generalized curvature constraints are of the
form
VY ⋆
(
d̂Φ̂ + QΦ̂
)
= 0 , VY ⋆
(
d̂Â+ QÂ
)
= 0 , (2)
where (QΦ̂,QÂ) are nonlinear structure functions built from exterior ⋆-products of Φ̂, Â and closed and
central elements on C in such a way that the constraints are Cartan integrable, i.e. compatible with d̂2 ≡ 0.
In the case of ordinary differentiable base manifolds, Cartan integrable systems are known as free or
quasi-free graded differential algebras depending on whether their integrability holds without any extra
algebraic constraints on the basic differential form variables or not, respectively. One may thus refer to
Cartan integrable systems on noncommutative and associative base manifolds containing closed and central
elements, such as Vailiev’s equations, as quasi-free associative graded differential algebras. Although there
is no consensus in the literature, we prefer to reserve the term unfolded dynamics for the formulation of field
theories using differential algebras in general13.
The Cartan integrability of an unfolded system implies that its locally accessible degrees of freedom are
encoded into the initial data C for the zero-forms in the system [11, 12]; for the relation to harmonic analysis,
see [7, 8, 24]. Given such an initial data, and assuming boundary conditions on the variables of positive form
degree, a solution space to an unfolded system can be constructed from a family of gauge functions; for the
role of gauge functions in the context of imposing boundary conditions at ∂B, see [19, 9]. In the case of (2)
[13], one may thus construct solution spaces using a gauge function L̂ and an initial condition
C = Φ̂
∣∣∣
p0×Y
, (3)
at a point p0 ∈ B; for applications to exact solutions, see [5, 6], and to amplitude calculations, see [26].
Globally defined observables that do not break any higher-spin gauge symmetries, and that are hence inde-
pendent of L̂, can the be extracted as functionals of C via zero-form charges [5, 6], which is to become the
main topic below.
The aforementioned unfolded formulation of the initial/boundary value problem in generally covariant
field theory, implies that (2) is equivalent to its reductions to commuting, n-dimensional submanifolds
13For example, more generally, one may consider unfolded systems based on quasi-free strongly homotopy associative graded
differential algebras.
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Mn ⊂ B. To this end, one assumes some boundary values for the components of Â that are in the kernel
of the pull-back operation to Mn × Y . Expanding in the initial data
Φ = Φ̂
∣∣∣
Mn×Y
, U = Â
∣∣∣
Mn×Y
, (4)
then yields a perturbatively defined unfolded system on Mn×Y described by a free and graded commutative
differential algebra of the form
dΦ+ QΦ = 0 , dU + QU = 0 , (5)
where the structure functions (QΦ,QU ) are linear and bilinear in U , respectively, and given by non-
polynomial expansions in Φ. This reduced system can be solved using a reduced gauge function L and
the same initial data for the zero-form, viz.
C = Φ|p0×Y (6)
as in (3), assuming that p0 ∈ Mn. In this fashion, one may reduce the system all the way down to a
four-manifold M4; assuming that U contains a non-degenerate vierbein then yields a manifestly generally
covariant metric formulation of four-dimensional higher-spin gravity with higher-derivative interactions; for
further details, see for example [63]14.
The manifest general covariance is a consequence of the fact that the unfolded equations of motion
possess manifest Lorentz covariance [65]; for the explicitly Lorentz-covariantized unfolded equations of
motion, see also [63] and [9]. Technically speaking, the Lorentz covariantization is achieved via a field
redefinition U = W+K where K is linear in the canonical Lorentz connection and W consists of canonical
Lorentz tensors. Since the zero-form sector on Mn is unaffected by these steps, we shall work mainly with
the fields U and its uplift Û on C .
2.1.2 Minimal-bosonic master fields
In the case of the four-dimensional minimal-bosonic models based on the minimal higher-spin Lie algebra
hs(4) ⊃ so(2, 3), the base manifold
B
loc
∼= T ∗M ×Z , (7)
that is, the correspondence space C
loc
∼= T ∗M × Z × Y , where T ∗M is a phase space with canonical
coordinates (XM , PM ), and Z and Y are two copies of the complex two-dimensional twistor space with
14For the analogous application to the superspace formulation of four-dimensional higher-spin supergravities, see [64].
globally defined canonical coordinates Zα = (zα,−z¯α˙) and Y α = (yα, y¯α˙) forming sp(4)-quartets splitting
into sl(2;C) doublets15. The non-vanishing ⋆-commutators are
[XM , PN ] = iδ
M
N , [Y
α, Y β]⋆ = 2iC
αβ , [Zα, Zβ ]⋆ = − 2iC
αβ , (8)
In Eq. (2), the sections in VY ⋆Ω(C ) are described locally by operators that can in their turn be represented
by symbols 16 f̂(X,P,Z;Y ; dX, dP, dZ) (see Appendix A). Strictly speaking, to define the theory, the
symbols must belong to a space of functions where the ⋆-product rule obeys associativity. The choice of
such a space of functions is a key physical problem and one of the key motivations behind the present
work. In [3] (see also [15]) it has been proposed to work with twistor-space plane waves; these generate
a well-defined ⋆-product algebra containing instanton-like exact solutions [5, 6]. Many other applications,
however, force the master fields out of this class; for example, see [6, 7, 30, 10].
The exterior derivative on the base manifold B reads
d̂ = d+ q , d = dXM∂M + dPM∂
M , q = dZα∂α . (9)
The duality-unextended master fields of the minimal-bosonic model are a twisted-adjoint zero-form
Φ̂ = Φ̂(X,P,Z;Y ) , (10)
and an adjoint one-form
Â = Û + V̂ , (11)
consisting of a component
Û = dXM ÛM (X,P,Z;Y ) + dPM Û
M (X,P,Z;Y ) , (12)
along T ∗M , and a component
V̂ = dZα V̂α(X,P,Z;Y ) , (13)
along the twistor space Z . In bosonic models, the master fields obey17
ππ¯(Â, Φ̂) = (Â, Φ̂) , (Â, Φ̂)† = (−Â, π(Φ̂)) , (14)
15We use the conventions Λα = CαβΛβ and λα = ǫαβλβ and λα = λβǫβα for Λα = (λα,±λ¯α˙), and the notation Λ · Λ′ =
ΛαΛα, λ · λ
′ = λαλ′α and λ¯ · λ¯′ = λ¯α˙λ¯′α˙ .
16The hats denote quantities that depend generically on both Y and Z; we drop the hats in order to indicate reduced quantities
that do not depend Z .
17Here we are focusing on the models containing spacetimes with Lorentzian signature and negative cosmological constant; for
other signatures and signs of the cosmological constant, see [6].
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where the automorphisms π and π¯ and the hermitian conjugation are defined by d̂ ◦ (π, π¯, †) = (π, π¯, †) ◦ d̂
and18
π (yα, y¯α˙; zα, z¯α˙) = (−yα, y¯α˙;−zα, z¯α˙) , π(f̂ ⋆ ĝ) = π(f̂) ⋆ π(ĝ) , (15)
π¯ (yα, y¯α˙; zα, z¯α˙) = (yα,−y¯α˙; zα,−z¯α˙) , π¯(f̂ ⋆ ĝ) = π¯(f̂) ⋆ π¯(ĝ) , (16)
(yα, y¯α˙; zα, z¯α˙)
† = (y¯α˙, yα; z¯α˙, zα) , (f̂ ⋆ ĝ)
† = (−1)f̂ ĝ ĝ † ⋆ f̂ † . (17)
In the minimal bosonic models, the master fields obey the stronger projection condition
τ(Â, Φ̂) = (−Â, π(Φ̂)) , (18)
that define define the adjoint and twisted-adjoint representattions of ĥs(4), respectively, and where the anti-
automorphism τ is defined by d̂ ◦ τ = τ ◦ d̂ and
τ (yα, y¯α˙; zα, z¯α˙) = (iyα, iy¯α˙;−izα,−iz¯α˙) , τ(f̂ ⋆ ĝ) = (−1)
f̂ ĝτ(ĝ) ⋆ τ(f̂) . (19)
The ππ¯-projection in (14) and the τ -projection in (18) remove all components of the master fields that are
associated with the unfolded description of fermions and symmetric tensors with odd spin, respectively.
2.1.3 Master-field equations
In order to study the zero-form charges, we focus on the models with linear interaction function [1, 2, 3, 4]
(see also [63, 66, 19, 9]). For this simplest choice, the unfolded equations of motion (2) amount to that the
Yang–Mills-like curvature of Â is equated on shell to the ⋆-product between Φ̂ and a deformed symplectic
two-form Ĵ , viz.
F̂ + Φ̂ ⋆ Ĵ ≈ 0 , F̂ := d̂ Â+ Â ⋆ Â , (20)
where Ĵ is defined globally on C and obeys
d̂ Ĵ = 0 ,
[
Ĵ , f̂
]
π
= 0 , τ(Ĵ ) = Ĵ † = − Ĵ , (21)
for any f̂ obeying 19 ππ¯(f̂) = f̂ and where we have defined[
f̂ , ĝ
]
π
= f̂ ⋆ ĝ − ĝ ⋆ π(f̂ ) . (22)
18The rule (f̂ ⋆ ĝ)† = (−1)f̂ ĝ ĝ† ⋆ f̂† holds for both real and chiral integration domain in (191).
19The minimal-bosonic model is a consistent truncation of the bosonic model where the τ -projection is replaced by the weaker
bosonic projection ππ¯(Â, Φ̂) = (Â, Φ̂) .
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In the minimal model,
Ĵ = −
i
4
(b dz2 κ̂+ b¯ dz¯2 ̂¯κ) , (23)
where κ̂ and ̂¯κ are the Klein operators20 of the complexified Heisenberg algebra generated by (yα, zα) and
(y¯α˙, z¯α˙) , respectively. The insertion of the inner Kleinians is crucial in order for the deformation Φ̂ ⋆ Ĵ of
F̂ on shell to be non-trivial in the sense that it cannot be removed by any field redefinition [1].
By making use of field redefinitions Φ̂→ λΦ̂ with λ ∈ R , λ 6= 0 , the parameter b in Ĵ can be taken to
obey
|b| = 1 , arg(b) ∈ [0, π] . (24)
The phase breaks parity except in the following two cases [66]21:
Type A model (parity-even physical scalar) : b = 1 , (25)
Type B model (parity-odd physical scalar) : b = i . (26)
The integrability of F̂ + Φ̂ ⋆ Ĵ ≈ 0 implies that D̂(Φ̂ ⋆ Ĵ) ≈ 0 with D̂ acting on Φ̂ ⋆ Ĵ in the adjoint
representation, that is,
D̂ Φ̂ ≈ 0 , D̂ Φ̂ := Φ̂ + Â ⋆ Φ̂− Φ̂ ⋆ π(Â) , (27)
with D̂ acting on Φ̂ in the twisted-adjoint representation. This constraint on Φ̂ is integrable, since D̂2Φ̂ =
F̂ ⋆ Φ̂− Φ̂ ⋆ π(F̂ ) = −Φ̂ ⋆ Ĵ ⋆ Φ̂ + Φ̂ ⋆ π(Φ̂) ⋆ Ĵ = 0 using the constraint on F̂ and (21).
In summary, fully nonlinear and background independent unfolded formulation of minimal-bosonic
higher-spin gravities with restricted (linear) interaction function is given by the generalized curvature con-
straints
F̂ + Φ̂ ⋆ Ĵ ≈ 0 , D̂ Φ̂ ≈ 0 , d̂ Ĵ ≡ 0 , (28)
F̂ := d̂ Â+ Â ⋆ Â , D̂ Φ̂ := Φ̂ +
[
Â, Φ̂
]
π
, (29)
20The two-dimensional complexified Heisenberg algebra [u, v]⋆ = 1 has the Klein operator k = cos⋆(πv ⋆ u) , which anti-
commutes with u and v and squares to 1 . Hence k is invariant under the canonical SL(2;C)-symmetry. This property becomes
manifest in Weyl order, where the symbol of k is proportional to the two-dimensional Dirac delta function. It follows that (κ, κ¯)
is invariant under SL(4;C) × SL(4;C) , that is broken by dz2 and dz¯2 down to a global GL(2;C) ×GL(2;C) symmetry of the
Vasiliev system, that is generated by diagonal SL(2;C) × SL(2;C) transformations and the exchange (yα, zα) ↔ (iza,−izα) .
The latter symmetry is hidden in the formulation in terms of differentials on Z-space while it becomes manifest in the deformed-
oscillator formulation.
21Starting from a general deformation of F̂αβ , one can show that compatibility, manifest Lorentz covariance and unbroken parity
lead uniquely to the Type A and Type B models.
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and the algebraic constraints [
Â, Ĵ
]
π
=
[
Φ̂, Ĵ
]
π
= 0 , (30)
thus forming a quasi-free associative free differential algebra. The consistency of these equations as well as
their compatibility with the kinematic conditions (18) is a consequence of the assumed associativity of the
⋆-products among the full master fields {Â, Φ̂; Ĵ }.
A general property of free differential algebras, is that their Cartan integrability implies Cartan gauge
invariance [11, 12]. In the case of quasi-free associative algebras, the gauge invariance is broken for the
central elements (since the gauge transformations must preserve algebraic properties). In the case of (28),
the Cartan gauge transformations read
δǫ̂ Â = D̂ ǫ̂ , δǫ̂Ĵ = 0 , (31)
δǫ̂ Φ̂ = −
[
ǫ̂, Φ̂
]
π
, τ(ǫ̂ ) = − ǫ̂ , (ǫ̂ )† = − ǫ̂ , (32)
defining the adjoint and twisted-adjoint representations of the algebra ĥs(4), with closure [δǫ̂1 , δǫ̂2 ] = δǫ̂12
where ǫ̂12 = [ǫ̂1, ǫ̂2]⋆ .
2.2 Higher-spin geometries, observables and homotopy phases
Before proceeding with the perturbative analysis, we would like to outline the interplay between classical
observables and globally defined geometric formulations of higher-spin gravity; for a more detailed presen-
tation, see[9]. Barring the issue of Lorentz-covariance (see end of Section 2.1.1), the split in (9) and (11)
yields
dΦ̂ + Û ⋆ Φ̂− Φ̂ ⋆ π(Û) ≈ 0 , dÛ + Û ⋆ Û ≈ 0 , (33)
qÛ + dV̂ + Û ⋆ V̂ + V̂ ⋆ Û ≈ 0 , (34)
qΦ̂ + V̂ ⋆ Φ̂− Φ̂ ⋆ π(V̂ ) ≈ 0 , qV̂ + V̂ ⋆ V̂ + Φ̂ ⋆ Ĵ ≈ 0 , (35)
to be given a geometric meaning as a bundle over T ∗M . We remark that this system exemplifies a subtlety
of quasi-free differential algebras in general, as compared to ordinary free differential algebras: thought
of as a bundle-like structures, the topology of the fibers may vary between different regions of the base
manifolds. For example, in an exact solution it may be the case that the connection V̂ may degenerate at
some special points or submanifolds of M [10].
With this caveat in mind, generalized higher-spin geometries can be defined by treating subalgebras
t̂ ⊆ ĥs(4) as Lie algebras for structure groups of principal t̂-bundles over T ∗M . In such a geometry, a
globally defined solution to the Vasiliev equations (28) is a gauge equivalence classes consisting of master
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fields (ÂI , Φ̂I) defined on coordinate charts MI , labelled here by I , glued together by transition functions
T̂ I
′
I = exp⋆(t̂
I′
I ), where t̂I
′
I are t̂-valued functions defined on overlaps. The gauge equivalence relation is
given by
ÂI ∼ (ĜI)
−1 ⋆ (ÂI + d̂) ⋆ ĜI , Φ̂I ∼ (ĜI)
−1 ⋆ Φ̂I ⋆ π(ĜI) , T̂
I′
I ∼ Ĝ
−1
I ⋆ T̂
I′
I ⋆ ĜI′ , (36)
where ĜI = exp⋆(ǫ̂I) with ǫ̂I ∈ t̂ defined on MI (without obeying any conditions on ∂MI ). One thus
has ÛI = Γ̂I + ÊI , where Γ̂I ∈ t̂ is the connection of the principal t̂-bundle and ÊI ∈ ĥs(4)/̂t is a
soldering one-form. The fields (ÊI , V̂I , Φ̂I) are local representatives of sections of a t̂-bundle associated to
the principle t̂-bundle. The on-shell configurations
{
Γ̂I , ÊI , V̂I , Φ̂I ; T̂
I′
I
}
t̂
form a moduli space Mt̂, which
we refer to as the homotopy t̂-phase of the theory. The aim is to coordinatize this space using globally
defined observables Ot̂[Γ̂, Ê, V̂ , Φ̂; T̂ ] built from the locally defined data. These are functionals that are
[19, 9] i) manifestly t̂-invariant off shell; and ii) invariant under all canonical transformations of C on
shell (hence in particular the diffeomorphisms of M ). Such quantities can be constructed by integrating
manifestly t̂-invariant quantities built from ⋆-products of (Γ̂, Ê, Φ̂, V̂ ; T̂ ) over various submanifolds of the
correspondence space C ; for example, in constructing p-form charges, one integrates on-shell de Rham
closed densities over over nontrivial cycles Σ× Y ×Z where Σ ⊂ M .
There are two basic types of phases of the theory: the unbroken phase for which t̂ = ĥs(4) and hence
Ê = 0, and various broken soldered phases for which t̂ ≡ m̂ ⊂ ĥs(4) and hence Ê is nontrivial. In the
latter case, one may refer to m̂ as a generalized Lorentz algebra, and on general grounds it is assumed that
m̂ ⊇ sl(2,C). There is no unique choice of m̂, however, so there exist many soldered phases; for further
details, see [9].
Let us mention briefly the basic features of the soldered phases and the topological phase.
Soldered phases
A soldered phase Mm̂ is characterized by observables Om̂[Ê, Φ̂] that are manifestly m̂-invariant off shell
and diffeomorphism invariant on shell (which is to say that they are intrinsically defined on associated m̂
bundles) where Ê is a projection of Û , referred to as the soldering one-form, that transforms homogeneously
under gauge transformations valued in m̂. Letting Σ denote a nontrival closed cycle in the base manifold,
one has (for further details, see [9]):
• Homotopy charges QR[Σ|Ê, Φ̂] =
∮
Σ(ω
R[Ê, Φ̂] +KR) where ωR is a set of globally defined differ-
ential forms that are equivariantly closed on shell, viz. dωR + fR(ωS) ≈ 0 (using the equations of
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motion for the locally defined fields), and KR are the globally defined solutions to dKR = fR(ωS)
on Σ;
• Minimal areas Amin[Σ|G(s)] (and other brane observables appearing in non-topological brane parti-
tion functions) derived via norms induced by generalized metrics appearing as singlets in the sym-
metric direct products of the frame field; using commuting coordinates XM of dimension length on a
Lagrangian submanifold and letting (Φ̂;−, . . . ,−) denote s-linear and totally symmetric m̂-invariant
functions on the coset, one has the rank-s metrics
(dX)s|G(s) = dX
M1 · · · dXMsGM1...Ms(X) = λ
−sη(s)(Φ̂; Ê, . . . , Ê) , (37)
where λ is a massive parameter introduced such that Ê andGM1...Ms can be taken to be dimensionless.
Metric phases arise within soldered phases as the soldered form Ê picks up vacuum expectation values. In
the limit where the frame field vanishes as the Weyl zero-form is held fixed:
Ê → 0 , Φ̂ fixed ⇒ Q[Ê, Φ̂] , Amin[Σ|G(s)] → 0 , (38)
the order parameters for the metric phase degenerate (vanish or diverge). We stress once more the required
status of the Weyl zero-form Φ̂ as an independent field for the previous limit to make sense.
Unbroken topological phase
The unbroken phase is characterized by observables that are manifestly ĥs(4)-invariant off shell and dif-
feomorphism invariant on shell (any such observable of course remains an observable in the various broken
phases). The near-integrability of Vasiliev’s higher-spin gravity motivates the following two types of ob-
servables in generally covariant systems which do not break any gauge symmetries (for further details, see
[9]):
• Locally accessible observables given by zero-forms I [p0|Φ̂] where p0 is a point on the base manifold,
obeying
dI [Φ̂] ≈ 0 , (39)
which we refer to as zero-form invariants22 ;
22c.f. the zero-form invariants of higher-spin gravity introduced in [16, 5] and [17, 6]; see also [8] for a discussion of the roˆle
of massive parameters in constructing zero-form invariants and the notion of dual Weyl zero-form in strictly massless theories, and
[18] for a similar construction in the case of de Sitter gravity.
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• Multi-locally accessible observables W [Γ(p1, . . . , pn)|Û , V̂ , Φ̂] depending on Φ̂ and the one-form
connections in Û and loops Γ(p1, . . . , pn) ⊂ M passing through n special points, such that W is
independent under smooth deformations of the interiors of the loop and (i = 1, . . . , n)
dpiW ≈ 0 , (40)
which we refer to as decorated Wilson loops.
In the absence of nontrivial monodromies in the flat connection on M , the decorated Wilson loops collapse
formally to the zero-form charges I [p0|Φ̂] [9]. Their physical meaning will be discussed in Section 3, and
the perturbative existence of one particular class of zero-form charges, based on the supertraces given in Eq.
(98), will be spelled out in Section 4.
2.3 Perturbative expansion in the Weyl zero-form
2.3.1 Real-analytic master fields
Using standard techniques, the twistor space equations (34) and (35) can be solved locally in Z-space using
a gauge function λ̂ for V̂ and starting from an initial datum
U = Û |Z=0 ∈ hs(4) , Φ = Φ̂|Z=0 ∈ T [hs(4)] , (41)
where the reduced adjoint and twisted-adjoint representations of the minimal-bosonic models are defined by
hs(4) =
{
λ(Y ) : τ(λ) = λ† = − λ
}
, ρ(λ)λ′ = [λ, λ′]⋆ , (42)
T [hs(4)] =
{
C(Y ) : τ(C) = π(C) , C† = π(C)
}
, ρ(λ)C = [λ,C]π . (43)
The general perturbative form of the solution reads
Φ̂ = Φ̂(λ̂,Φ) , V̂ = qλ̂+ V̂ [λ̂,Φ] . (44)
To fix the gauge function λ̂, one may impose the radial twistor gauge condition
iZ V̂ = 0 ⇒ LZ λ̂ = − iZ V̂λ̂,Φ , (45)
where iZ and LZ denote the inner and Lie derivatives, respectively, along the radial vector field
Z = Zα∂α . (46)
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The gauge condition (45) leads to a unique and real analytic solution under the assumption that the initial
datum Φ̂ and W are real analytic functions on Y with a Φ-expansion into perturbative building blocks with
well-defined ⋆-product compositions.
To implement the gauge condition, one may use the homotopy contraction operator
ρΓ = iZ
∮
Γ
dt
2πit
γ(t) tLZ , γ(t) = log
t
1− t
, (47)
where γ(t) is taken to branch along [0, 1] and Γ is a closed contour encircling [0, 1] counter clockwise.
If ĵ = 1
p!dZ
α1 · · · dZαp ĵα1...αp(Z) is a p-form of degree p > 1 that is real-analytic23 and q-closed, then
tLZ ĵ = 1
p!dZ
α1 · · · dZαp tp ĵα1...αp(tZ) is a real-analytic function in t . It follows that q(ρΓĵ) can be re-
written by integrating by parts in t, which leaves no boundary term since Γ is closed, after which Γ can be
deformed to a simple pole at t = 1. One thus has (the last property is nontrivial only if p = 1)
q (ρΓ ĵ) = ĵ , iZ (ρΓ ĵ) = 0 , (ρΓ ĵ)|Z=0 = 0 , (48)
for any closed homotopy contour Γ encircling [0, 1] counter clockwise. When acting on sufficiently regular
twistor-space forms, the contour Γ can be collapsed onto the branch-cut using the fact that∮
[0,1]
dz
2πi
γ(t)f(t) =
∫ 1
0
dtf(t) , (49)
for functions f(t) that do not diverge faster than than (t − x)y for all x ∈ [0, 1] and some y > −1. Acting
in the class of such functions, one has
ρΓ = ρ := iZ
1
LZ
, (50)
and the homotopy contracting property follows immediately from
q ρ = 1− iZ
1
LZ
q . (51)
Returning to the twistor-space equations (35), they can thus be rewritten as
Φ̂ = Φ− ρΓ
([
V̂ , Φ̂
]
π
)
, V̂ = − ρΓ
(
Φ̂ ⋆ Ĵ + V̂ ⋆ V̂
)
, (52)
under the assumption of the twistor gauge (45) and real-analyticity of the initial datum24 Φ(Y ) . These
algebraic equations can then be solved iteratively in a perturbative expansion of the form
Φ̂ =
∑∞
n=1 Φ̂
(n)[Φ, . . . ,Φ] , V̂ =
∑∞
n=1 V̂
(n)[Φ, . . . ,Φ] , (53)
23The statement that a symbol is real-analytic is ordering dependent; see Section 4.2 for a discussion.
24The real-analycity properties of Φ(Y ) leak over into Z-space via the application of the Klein operators.
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where Φ̂(n) and V̂ (n) are n-linear symmetric functionals of Φ and
Φ̂(n)|Z=0 = δn1Φ . (54)
One then applies the homotopy operator to (34). Using ρΓV̂ = 0 , which implies ρΓdV̂ = d(ρΓV̂ ) = 0 ,
one has
Û = U − ρΓ
([
V̂ , Û
]
⋆
)
, (55)
with the perturbative solution
Û = U +
∑
n=1
Û
(n)
1 [U ; Φ, . . . ,Φ] =
(
1 +
∞∑
n=1
L̂(n)
)−1
U , (56)
for homotopy operators L̂(n)f̂ = ρΓ
([
V̂ (n), f̂
]
⋆
)
.
These solutions are formal in the sense that25 at the n-th level of the Φ-expansion, Eqs. (34) and (35)
imply
qΦ̂(n) ≈ −
∑
n1+n2=n
[V̂ (n1), Φ̂(n2)]π , qV̂
(n) ≈ − Φ̂(n) ⋆ Ĵ −
∑
n1+n2=n
V̂ (n1) ⋆ V (n2) , (57)
qÛn ≈ − dV̂ (n) −
∑
n1+n2=n
[V̂ (n1), Û (n2)]⋆ , (58)
where by the perturbative assumption, the lower-order building blocks {Φ̂(n′), V̂ (n′)}n−1n′=1 belong to an as-
sociative ⋆-product algebra and obey their respective equations of motion and gauge condition. This implies
that the right-hand sides in (57) and (58) are q-closed. Thus, if the right-hand sides are in addition real-
analytic after the ⋆-products have been performed, then Φ̂(n) and V̂ (n) can be obtained by applying ρΓ for
any closed contour Γ enclosing [0, 1] . This fact can be used to set up perturbative regularization methods,
as we shall discuss in Section 4.2.
2.3.2 Residual hs(4) gauge transformations
The physical gauge condition (45) is preserved by full gauge transformations (32) with residual gauge
parameters obeying
iZ
(
qǫ̂+
[
V̂ , ǫ̂
]
⋆
)
= 0 , (59)
which can be rewritten using iZ V̂ = 0 and (196) as
LZ ǫ̂+ i
[
V̂ α, ∂(Y )α ǫ̂
]
⋆
− i
{
V̂ α, ∂(Z)α ǫ̂
}
⋆
= 0 . (60)
25Working more carefully one can also make active use working in intermediate alternative ordering schemes; see Section 4.2.
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Under the assumption of real-analycity in twistor-space, this implies the perturbative expansion
ǫ̂[ǫ; Φ] = ǫ+
∞∑
n=1
ǫ̂(n)[ǫ; Φ, . . . ,Φ] , (61)
where ǫ̂(n) , which are linear functionals of the hs(4)-valued gauge parameter ǫ(Y ) , obey
LZ ǫ̂
(n) + i
∑
n1+n2=n
[
V̂ (n1)α, ∂(Y )α ǫ̂
(n2)
]
⋆
− i
∑
n1+n2=n
{
V̂ (n1)α, ∂(Z)α ǫ̂
(n2)
}
⋆
= 0 . (62)
The induced residual hs(4)-transformations acting on the twisted-adjoint initial data are given by
δǫΦ = (δǫ̂Φ̂)|Z=0 = −
[
ǫ̂[ǫ; Φ], Φ̂[Φ]
]
π
∣∣∣
Z=0
, (63)
with softly deformed closure relations
[δǫ̂1 , δǫ̂2 ] = δǫ̂12 , ǫ̂12 = [[ǫ̂1, ǫ̂2] + δǫ2 ǫ̂1 − δǫ1 ǫ̂2 , (64)
where δǫ1,2 ǫ̂2,1 is the δǫ1,2Φ-variation of ǫ̂[ǫ2,1; Φ] . Perturbatively,
δǫΦ =
∞∑
n=0
δ(n)ǫ Φ , δ
(n)
ǫ Φ = δ
(n)[ǫ; Φ, . . . ,Φ]Φ = −
∑
n1+n2=n
[
ǫ(n1), Φ̂(n2)
]
π
∣∣∣
Z=0
, (65)
where the leading order is given by
δ(0)ǫ Φ = − [ǫ,Φ]π . (66)
2.4 Gauge function methods
2.4.1 General ideas and roˆle of zero-form charges
Given a graded exterior differential algebras, its locally defined solution space, including unbroken as well as
broken gauge parameters (a´ la Cartan), can be sliced into orbits generated by gauge functions from reference
solutions. In free cases, whether graded commutative or associative, the spaces of reference solutions can
be taken to consist of constant zero-forms. In quasi-free cases, with additional algebraic constraints, these
spaces acquire more structure. In particular, in graded associative systems with nontrivial central and closed
terms in positive degrees, such as Vasiliev’s equations, nontrivial reference solutions must contain fields
with strictly positive form degree.
In the Vasiliev system, a nonvanishing twisted-adjoint integration constant C indeed implies a nontrivial
reference solution (Φ̂′C , V̂ ′C) related to Wigner’s deformed oscillator algebra and there are also nontrivial flat
connections V̂ ′θ in twistor space26 for vanishing C labeled by moduli parameters θ; for examples in the case
26Nontrivial flat connections can also arise on T ∗M .
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of the four-dimensional bosonic models, see [5, 17, 6, 10]. The locally defined solution space to the full
system (33)–(35) can thus be coordinatized reference solutions (Φ̂′C;θ, V̂ ′C;θ) and a master gauge function L̂
on the correspondence space C . The solution (Φ̂′C , V̂ ′C ; L̂ can then be reduced down to submanifolds of C ,
such as Z ×Y and M ×Y , leading to dualities between formulations in the twistor space and spacetime,
whose comparison furnishes one of the key motivations for seeking geometric formulations of higher-spin
gravity.
Alternatively, as far as formulations on M are concerned, the full system can first be reduced down
to M , which yields free and graded commutative albeit perturbatively defined differential algebras, with
locally defined solution spaces coordinatized in terms of C and reduced gauge functions L. In principle,
the resulting two approaches to formulations on M form a commutative diagram. Technically speaking,
the path consisting of reducing (Φ̂′C , V̂ ′C ; L̂ is easier to implement than the one consisting of reducing the
equation system. These two paths can be matched, however, at the level of classical observables, which is a
second key rational for seeking geometric formulations of higher-spin gravity.
In both of the above considerations, zero-form charges play a natural roˆle: To begin with, these are
natural basic observables of the aforementioned twistor-space formulation. Moreover, although generally
requiring global considerations, as discussed in Section 2.2, the aforementioned two paths to formulations
on M can actually be compared directly in a single coordinate chart using the zero-form charges, as we
shall examine in more detail in Sections 3 and 4.
2.4.2 Master gauge functions in correspondence space
Locally, the correspondence space C
loc
∼= T ∗MI × Z × Y , where MI denotes a chart of M . Eqs. (33)
and (34) can be integrated explicitly in T ∗MI using a gauge function L̂I [13]; for further discussions of the
gauge function method in the context of globally defined solutions, see [19, 9], and for various applications,
see [5, 6, 26]. Thus, suppressing the chart index, one has
ÛM = L̂−1 ⋆ ∂M L̂ , ÛM = L̂
−1 ⋆ ∂M L̂ , (67)
V̂α = L̂
−1 ⋆ (∂α + V̂
′
α) ⋆ L̂ , Φ̂ = L̂
−1 ⋆ Φ̂′ ⋆ π(L̂) , (68)
where the gauge function and the transformed master fields obey
∂M (V̂ ′α, Φ̂
′) = 0 , ∂M (V̂
′
α, Φ̂
′) = 0 , (69)
qΦ̂′ + V̂ ′ ⋆ Φ̂′ − Φ̂′ ⋆ π(V̂ ′) = 0 , qV̂ ′ + V̂ ′ ⋆ V̂ ′ + Φ̂′ ⋆ Ĵ = 0 . (70)
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These equations are to be solved subject to initial conditions
Φ̂′|Z=0 = C , L̂|X=P=0 = 1 , (71)
and boundary conditions on ∂(T ∗M ) and in twistor space, i.e. a choice of residual gauge function, say
L(X,P, Y ), and flat twistor-space connections [5, 6], respectively. We assume that the latter are compatible
with the twistor-gauge
iZ V̂ = 0 . (72)
It follows that
Φ̂′ = Φ̂|X=0 , V̂
′ = V̂ |X=P=0 , iZ V̂
′ = 0 , (73)
such that
C = Φ̂′|Z=0 = Φ̂X=P=Z=0 = Φ|X=P=0 , (74)
where Φ is the reduced Weyl zero-form defined in (41). The twistor-gauge condition implies that the gauge
function obeys
L̂−1 ⋆LZL̂+ i(∂
α
(Y ) + ∂
α
(Z))L̂
−1 ⋆ (∂(Z)α + V̂
′
α) ⋆ L̂+ iL̂
−1 ⋆ (∂(Z)α + V̂
′
α) ⋆ (∂
α
(Y ) − ∂
α
(Z))L̂ = 0 . (75)
Under the assumption of real-analyticity, it follows that L̂C;θ;λ = L ⋆ exp⋆(λ̂C;θ;λ) where λ̂C;θ;λ is a the
particular solution to (75), that depends on C and the moduli θ for the flat connection in twistor space (see
[5, 6]), and L = exp⋆(λ), with λ ∈ hs(4), is the homogeneous solutions representing the residual gauge
degrees of freedom.
The initial/boundary value problem is thus set up as follows: one first selects a twistor-space background
V̂ ′0;θ and a residual gauge function L = exp⋆(λ) where λ ∈ hs(4)/m and calculates the vacuum gauge
function L̂0;θ;λ, describing a rigid higher-spin extension of AdS(4). Into this vacuum configuration, local
degrees of freedom are injected via the initial data C . The master fields Φ̂′C;θ and V̂ ′C;θ and the deformed
gauge function L̂C;θ;L are then obtained using either perturbative or exact methods, from which one can
obtain the full albeit locally defined description in correspondence space via (67) and (68). Reductions to Z
and Mn then yield two dual descriptions which one may explore systematically using classical observables.
In particular, taking trivial θ and reducing T ∗M down to M4 and can choose λ(x, Y ) ∈ so(2, 3)/so(1, 3),
describing an AdS(4) vacuum, and expand C(Y ) in terms of twistor-space functions dual to localizable
Weyl tensors AdS(4). In the perturbative approach, Eq. (70) and is then solved using the homotopy con-
tractor ρΓ given in (47), that one may think of as propagators in twistor space. After having solved also
(75), the fields Φ̂′C;0 and V̂ ′C;0 can be mapped back to spacetime using the gauge function L̂C;0;λ. This
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yields locally defined master fields (U,Φ) full of non-localities, and one may ask the question of whether
locality is recuperated at the level of a suitable set of observables. For example, this has been found to be
the case at the level of holographic three-point correlation functions [25, 26]. In this sense, the relatively
intractable problem of dealing with the double perturbative expansion in spacetime is mapped to the more
amenable problem of constructing associative algebra elements (λ̂, V̂ ′, Φ̂′) in twistor space. In other words,
the regularization of strongly coupled derivative expansions in spacetime is mapped to the arguably more
tractable problem of regularizing ⋆-products in twistor space.
2.4.3 Reduced gauge functions in spacetime
Inserting the perturbative Φ-expansions for Φ̂ and Û given in (53) and (56), respectively, into (33), and
restricting to PM = Zα = 0, yields an unfolded description in terms of a free differential algebra on M of
the form
dΦ+ P (U ; Φ) ≈ 0 , dU + J(U,U ; Φ) ≈ 0 , (76)
where P and J are linear and bilinear in U , respectively, and depend nonlinearly on Φ. The quantity
Q := P · ∂
∂Φ + J ·
∂
∂U
is a flow vector of degree one, acting in a graded targetspace with coordinates
(Φ, U), and obeying the Cartan integrability condition {Q,Q} = 0 (without further algebraic constraints
on (Φ, U) so that (76) defines a free graded differential algebra). The locally defined solution spaces can
be coordinatized using twisted-adjoint integration constant C(Y ) ∈ T [hs(4)] and adjoint gauge functions
λ(X,Y ) ∈ hs(4), and expressed explicitly albeit perturbatively as27
(Φλ;C , Uλ;C) = [exp(Tλ)(Φ, U)] |U=0,Φ=C , (77)
where Tλ is a vector field of degree one in target space given by the generator Cartan gauge transformations,
viz.
Tλ = −P (λ; Φ) ·
∂
∂Φ
+ (dλ− 2J(λ,U ; Φ)) ·
∂
∂U
. (78)
As discussed in Section 2.2, the classical moduli spaces Mt̂ consist of globally defined configurations of
locally defined full master fields characterized by intrinsically defined classical observables Ot̂ on t̂-bundles.
Inserting the Φ-expansions into these constructs, which may require integrating out Zα and PM , yields
perturbatively defined t-invariant observables Ot(U,Φ;T ), where t denotes the subalgebra of residual t̂-
transformations, and T denotes the reductions of the transition functions T̂ on U and Φ. Assuming that t =
m ⊂ hs(4), a nontrivial generalized Lorentz subalgebra, and letting E ∈ hs(4)/m be the reduced soldering
27In general, the exponentiation may run into problems in the case of non-formal initial data, i.e. initial data belonging to
unitarizable representations whose elements in general are non-polynomial elements in the underlying associative algebra.
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one-form, the order parameters for the soldered phase28 are manifestly m-invariant observables Om(E,Φ)
such that Om(Eλ;C ,Φλ;C) depend nontrivially on the boundary values [λ]|∂M of the generalized normal
coordinates [λ] ∈ hs(4)/m. In the metric phase, the integration constant C thus contain information of local
deformations (including boundary states) while [λ]|∂M modulo Diff(∂M ) contain topological information
of the background frame fields on ∂M .
Two examples of order parameters are homotopy charges Q[Σ|E; Φ] and minimal areas A [Σ|E; Φ]
[9]. These observables are given by integrals of manifestly m-invariant densities built from E and Φ over
Σ×Z × Y where Σ are topologically nontrivial cycles in M . The densities are constructed such that the
integrals are intrinsically defined, that is, depending only on the homology class [Σ]. One may refer to the
order parameters as holographic observables in the sense that they remain invariant under diffeomorphims
and homotopically trivial redefinitions of λ which means that they localize to boundaries of M (or lower-
dimensional submanifolds where other observables have already been inserted which one may think of as
impurities).
In other words, from (77) it follows that starting from the initial data
Φ|p0 = C , λ|p0 = 0 , (79)
at the point p0 ∈ M where Tλ vanishes, the unfolded field content can be constructed in a covariant Taylor
expansion in the normal-coordinate directions. The local degrees of freedom in C are thus measured by
two dual sets of observables: they can be contracted into locally accessible zero-form charges I [p0|Φ] =
I [p0|C], or propagated boundaries where they become boundary degrees of freedom measured by the
holographic observables. In particular, as one can always set the gauge functions to zero inside a coordinate
chart, it is always possible to gauge away the master gauge field W in simply connected regions of M
with compact support. In this sense, Eq. (77) manifests the fact that all local degrees of freedom arise via
the Weyl zero-form [11, 12], independently of whether the theory is free or interacting, and of the locality
properties of various effective descriptions in metric phases 29.
2.4.4 Remarks on space-time reconstruction
Finally, we wish to add a few more remarks on the interplay between geometry and algebra in unfolded
dynamics.
28We note that the physical data in λ also contain monodromies, that are measured by Wilson loops, and described locally by
integration constants of gauge functions associated with crossings between charts in the interior of M .
29In [64], this local homotopy invariance of unfolded dynamics was used to derive the full superspace formulation of four-
dimensional higher-spin supergravities.
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In backgrounds with invertible vielbeins, the Q-cohomology, also known as σ−-cohomology [67], can
be contracted, leading to effective equations of motion in metric formulations. In particular, on M4, their
free limits describe unitarizable local degrees of freedom. In the unfolded approach in general, there is,
however, no a priori reason why locality properties of the free equations of motion must persist at the level
of interactions. In the interacting case, the physically relevant issue is rather whether the local degrees
of freedom contained in the Weyl zero-form Φ exhibit localizability at the level of holographic or locally
accessible observables. This issue may be studied either perturbatively in Φ-expansion, as we shall do below
in the case of locally accessible observables, or non-perturbatively provided that one has access to a fully
non-linear sector of the moduli space; for examples, see [10].
Another more algebraic way of reasoning is as follows: The full master fields Φ̂ and Â are locally
defined differential forms on the base manifold B taking their values in spaces of functions on Y . One
may think of such spaces as modules for a reduced higher-spin Lie algebra hs(4) ⊃ so(2, 3) as follows:
the algebra hs(4) itself is a subspace of the ⋆-commutator closed space of arbitrary polynomials on Y .
Various twisted-adjoint representations, containing the initial data C defined by (3) (or (6)), can then be
generated starting from reference elements given by functions on Y that may in general be non-polynomial;
among these one finds, for example, various unitarizable representations [7]. This raises the issue on what
physical grounds the theory selects its perturbative spectrum, that is, the set of admissible twisted-adjoint
representations. The systematic way of proceeding is thus to exploit the constraints on C that arise from
demanding well-defined classical observables, and in particular, well-defined zero-form charges.
3 Zero-form charges and twistor-space quasi-amplitudes
In this Section we discuss formal properties of classical observables given by integrals over the doubled
twistor space Y × Z evaluated at a single point in T ∗M . These observables are thus given by on-shell
closed zero-forms on T ∗M with a dual interpretation as basic blocks for amplitudes in twistor space; for
further details on the latter interpretation, see the forthcoming paper [9]. In the next Section we shall then
look in more detail into the regularization of these twistor-space quasi-amplitudes.
3.1 Locally accessible observables and localizability of states
An observable can be said to be locally accessible if it is nontrivial on shell in a single coordinate chart
of spacetime. In unfolded dynamics, such an observable is a composite zero-form I (Φ) that is closed on
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shell, i.e. dI ≈ 0 . This is equivalent to that I is invariant under general Cartan gauge transformations30 ,
i.e. δǫI = 0. Hence I is a globally defined zero-form on the base manifold. From (77) and (79) it follows
that
I (Φλ,C) = I (C) , (80)
which hence defines a Casimir invariant for the unfolded system, or a generalized central charge. Alterna-
tively, one may think of I as a building block for the quantum effective action on shell (including deforma-
tions and counter terms and evaluated with initial data prescribed by C)31. In the curvature expansion,
I (Φ) =
∑
n
I
(n)(Φ, . . . ,Φ) , δǫΦ = i
∑
n=0
ρ(n)(ǫ; Φ, . . . ,Φ)Φ , (81)
where ρ(0)(ǫ)Φ is a rigid gauge transformation, implying the equivariance relations
∑
n1+n2=n
n1I
(n1)
(
ρ(n2)(ǫ; Φ, . . . ,Φ)Φ,Φ, . . . ,Φ
)
= 0 . (82)
In particular, one has zero-form charges IK such that
I
(n)
K (Φ, . . . ,Φ) = 0 for n < K ⇒ I
(K)
K
(
δ(0)ǫ Φ,Φ, . . . ,Φ
)
= 0 . (83)
whose leading terms are thus invariants of the rigid nonabelian gauge algebra.
In general, the twisted-adjoint module T of the unfolded system decomposes into representations T↓h
consisting of states labeled by quantum numbers s of various subalgebras h ⊂ hs(4), such as for example
unitarizable one-particle states or solitons; for a discussion in the context of higher-spin gravity, see [7]. In
such a sector, one may choose a reference state f s0p0 ∈ T↓h associated to the base point p0. This state can then
be rotated into a multiplet {f sp0} by h . These states are then translated by a gauge function Lq,p0, obeying
Lp,qLq,r = Lp,r, into
f sq = ρ
(0)(Lq,p0)f
s
p0
, (84)
where ρ(0) denotes the representation matrix in T↓h. The initial data
Φ|p0 = C = C↓h =
∑
i
f siqiCi , (85)
30Consider an unfolded system with zero-forms Φi obeying dΦi + Qi(Φ;U) = 0 with Qi = UrQir(Φ) where Ur denote the
one-forms of the system. Under one-form gauge transformations with parameters ǫr , the zero-forms transform as δǫΦi = −ǫrQir .
If I [Φ] is closed on shell, that is 0 = dI = −UrQir∂iI for all Ur , then it follows that δǫI = −ǫrQir∂iI = 0 for all ǫr as
well.
31For further discussions of on-shell actions in the context of unfolded dynamics, see [19, 9].
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where Ci ∈ C, describes a free solution
Φ(1)(p) = ρ(0)(L−1p,p0)C↓h =
∑
i
Φsiqi(p)Ci , (86)
where Φsiqi(p) = ρ
(0)(Lp0,pLqi,p0)f
si
p0
obeys Φsiqi(qi) = f
si
p0
, the idea being that this is the dominant contri-
bution to Φ(1)(p) at p = qi. In general, the perturbative zero-form invariants can be decomposed as
I
(n)(C↓h) =
∑
k
I
(n),k(C↓h) , (87)
I
(n),k(C↓h) =
∑
i1, n1; . . . ; ik, nk
n1 + · · · + nk = n
(
k∏
l=1
(Cil)
nl
)
I˜
(n),k
i1,n1;...;ik,nk
, (88)
where
I˜
(n),k
i1,n1;...;ik,nk
= I (n)
(
(f
si1
pi1
)n1 , . . . , (f skpik
)nk
)
, (89)
that vanishs trivially if k > n . One can then say that the sector in question exhibits locality and that Φsq(p) is
localized at p = q if I (n)(C↓h) exhibit classical cluster decomposition in the sense that there is a hierarchy
such that32
I˜
(n),1 ≫ I˜ (n),2 ≫ · · · ≫ I˜ (n),n , (90)
in limits where all positions are separated “well enough” in the background metric of the gauge function; in
other words, given a unitarizable sector, one may use the condition of cluster decomposition as a definition
of what “space-like” separation should mean, though we shall not go into these details much further in this
paper.
In sectors exhibiting locality, it is thus meaningful to think of f sp as describing localized objects, inde-
pendently of whether the effective equations of motions in the metric phase contain nonlocal interactions or
not. One can then interpret the most separated (and smallest) pieces
I˜
(n)((p1, s1), . . . , (pn, sn)) := I
(n)
(
f s1p1 , . . . , f
sn
pn
) (91)
as candidate building blocks for gauge-equivariant n-particle scattering amplitudes, which we refer to as
quasi-amplitudes.
32This form of locality holds for spherically symmetric solutions of the four-dimensional Vasiliev system [30] (see [10] for an
analysis of localizability) suggesting that also solitons play a roˆle as “perturbative” building blocks in higher-spin gravity.
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3.2 Implementation in Vasiliev’s higher-spin gravity
The ⋆-product algebra of functions on Y ×Z admits a chiral trace operation given by
T̂r[Ô(y, y¯; z, z¯)] =
∫
R
d2yd2y¯d2zd2z¯
(2π)4
f̂O(y, y¯; z, z¯) , (92)
where Ô(y, y¯; z, z¯) is an operator represented by the symbol f̂O in some ordering scheme, and integration
domain R taken as in (193). Formally, this trace operation is cyclic, independent of the choice of ordering
scheme33 and obeying
T̂r[f̂ ])† = T̂r[f̂ †] . (93)
It is thus natural to construct classical observables for Mt̂ using traces. Manifest t̂ gauge invariance off shell
can be achieved by tracing ⋆-product composites built from the locally defined data {Γ̂I , ÊI , V̂I , Φ̂I ; T̂ I
′
I }
that transform in the adjoint representation of t̂. Invariance under canonical transformations of C on shell
requires more detailed constructions.
In the unbroken phase, a natural set of intrinsically defined observables are decorated Wilson loops in
the Lagrangian submanifold M given by34
W
[
Γ(p1, . . . , pn)|
{
Φ̂I , ÛI ; T̂
I′
I
}]
= N T̂r
[
PΓ
{
M∏
I=1
Ψ̂mI ,m¯I ;nI |pI exp⋆
(∫
ΓI
ÛI
)
T̂ I+1I
}]
, (94)
where N is a normalization chosen such that the leading order in the curvature expansion is finite; the
symbol PΓ denotes the path order along a path Γ ⊂ M ; and
Ψ̂m,m¯;n = Ψ̂
⋆m ⋆ Ψ̂⋆m¯ ⋆ (κ̂̂¯κ)⋆n , (95)
are adjoint impurities, where have defined
Ψ̂ = Φ̂ ⋆ κ̂ , Ψ̂ = (Ψ̂)† = Φ̂ ⋆ ̂¯κ , (96)
and m, m¯, n ∈ {0, 1, 2, . . . } modulo the relations (κ̂̂¯κ)⋆2 = 1 and
Ψ̂ ⋆ κ̂̂¯κ = κ̂̂¯κ ⋆ Ψ̂ = Ψ̂ , Ψ̂⋆2 = Ψ̂⋆2 ⇒ Ψ̂ ⋆ Ψ̂ = Ψ̂ ⋆ Ψ̂ . (97)
Viewed as a function of a fixed pi with the remaining impurities held fixed, this observable behaves as zero-
form that is closed on shell. Assuming that the decorations can be pushed together to a single point and that
33The independence of ordering prescription is a consequence of the fact that a slight altering of prescription induces a change
in the symbol given by a total derivative on Y ×Z leading to boundary terms that vanish if the trace is finite. Strictly speaking,
this argument requires symbolizable and universal orderings; for a more detailed discussion, see for example [10].
34For further details, see [9].
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the loop is trivial (or if there are no monodromies), the Wilson loop can be expended in terms of zero-form
charges N T̂ r
[
Ψ̂m,m¯;n
]
. Splitting into real and imaginary parts, one has (K = 2, 4, . . . )35
IK = NKT̂r[(Φ̂ ⋆ π(Φ̂))
⋆K ⋆ κ̂̂¯κ] , (98)
I
±
K+1 = N
±
K+1 T̂r[(Φ̂ ⋆ π(Φ̂))
⋆K ⋆ Φ̂ ⋆
1
2
(κ̂± ̂¯κ)] , (99)
I
′
K = N
′
K T̂r[(Φ̂ ⋆ π(Φ̂))
⋆K ] . (100)
These zero-form charges are on-shell closed and globally defined functionals. Two local representatives, say
(ÂI , Φ̂I) and (ÂI′ , Φ̂I′), can be glued together with a transition function T̂ I
′
I only if I [Φ̂I ] = I [Φ̂I′ ] for
all zero-form charges I . In the curvature expansion (81), viz. I [Φ̂(C)] = I (C) = ∑n I (n)(C, . . . , C)
where the twisted-adjoint initial data C is defined in (71), one may ask whether the n-linear bose-symmetric
functionals I (n) are well-defined. To normalize the leading order, one notes that the insertions of inner
Kleinians localizes the chiral trace operation, as can be seen by going to overall Weyl order where
[κ̂]Weyl = (2π)
2δ2(y)δ2(z) ,
[̂¯κ]
Weyl
= (2π)2δ2(y¯)δ2(z¯) . (101)
One is thus led to the following normalizations
NK = 1 , N
±
K+1 = N , N
′
K = N
2 , (102)
where N is the inverse of the volume of chiral twistor space36,
N
−1 =
∫
d2z
2π
. (103)
With these choices, one has the leading terms
I
(K)
K = STry STry¯
[
(C ⋆ π(C))⋆K
]
, (104)
I
±(K+1)
K+1 =
1
2
(STryTry¯ ± Try STry¯)
[
(C ⋆ π(C))⋆K ⋆ C
]
, (105)
I
′(K)
K = TryTry¯
[
(C ⋆ π(C))⋆K
]
, (106)
35The zero-form charges generate interaction ambiguities [9] and on-shell actions and related tree-amplitudes in twistor space
[9] (see Appendix B). In both these applications, the zero-form charges appear together with free parameters that can be taken to
contain the required normalizations.
36One way of regularizing (103) is to interpret the integral over chiral twistor space as the trace of the identity operator in a Fock
space. Alternatively, one may choose to work with subtractive regularization schemes. We leave both these interesting problems
for future studies.
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where STry[f(y)] = f |y=0 and Try[f(y)] =
∫
d2y
2π f(y) idem y¯. As discussed in Section 2.4.2, the harmonic
expansion of free fields subject to boundary conditions in spacetime leads to initial data of the form37:
C(Y ) =
∑
Σ
CΣ(Y ) , CΣ(Y ) =
∑
Λ
fΣ;Λ(Y )CΣ;Λ , (107)
where Σ labels different sectors of boundary conditions; fΣ;Λ denote basis elements of these sectors, labeled
here by some index Λ, and which one may think of as vertex operators; and the expansion coefficients CΣ;Λ
are commuting numbers. The corresponding hs(4)-invariant quasi-amplitudes are defined by
I˜ ({Σi,Λi}
K
i=1) =
1
K!
∑
permutations
σ
STrySTry¯
[
fΣσ(1);Λσ(1) ⋆ · · · ⋆ π(fΣσ(K);Λσ(K))
]
, (108)
I˜
±({Σi,Λi}
K+1
i=1 ) =
1
(K + 1)!
∑
permutations
σ
1
2
(TrySTry¯±STryTry¯)
[
fΣσ(1);Λσ(1) ⋆ · · · ⋆ fΣσ(K+1);Λσ(K+1)
]
,
(109)
I˜
′({Σi,Λi}
K
i=1) =
1
K!
∑
permutations
σ
TryTry¯
[
fΣσ(1);Λσ(1) ⋆ · · · ⋆ π(fΣσ(K);Λσ(K))
]
. (110)
Breaking hs(4) down to sp(4) one obtains quasi-amplitudes for fixed Lorentz spins. For example, one may
label the basis elements by points x ∈ AdS(4) and Lorentz spins (s, s), viz.
f (s.s)x = (L(x))
−1 ⋆ f
(s,s)
0 ⋆ π(L(x)) , (111)
where the gauge function L(x) is a coset coordinatization of AdS(4) and f (s,s)0 can be taken to belong to
various representations of the twisted-adjoint spin-s module. This yields K-point twistor-space amplitudes
labeled by K bulk points; for example, the three-point functions
I˜
±(1, 2, 3) =
1
4
(TrySTry¯ ± STryTry¯)
[
f
(s1,s1)
0 ⋆ π(L(x1, x2)) ⋆ π(f
(s2,s2)
0 )
⋆L(x2, x3) ⋆ f
(s3,s3)
0 ⋆ π(L(x3, x1))
]
+ (1↔ 2) , (112)
where the vertex operators are linked together by L(xi, xi+1) = L(xi) ⋆ L−1(xi+1) (x4 ≡ x1). Using
vertices that are localized at x = 0 and sending xi to the boundary, one may examine whether the amplitudes
fall off with evanescent terms consisting of hs(4)-invariant amplitudes, fixed entirely by kinematics. We
leave this study, in particular the comparison with ordinary holographic amplitudes, for future studies.
37For further detailed information on the fiber approach to harmonic analysis, see [7, 8, 24]. Essentially, the idea is that taking
C = fΣ;Λ yields a full zero-form Φ̂(X,P,Z; Y ) with projections Φ(x, P = 0; Y ) = Φ̂(x,P = 0, Z = 0; Y ) and Φ̂′(Z;Y ) =
Φ̂(X = 0, P = 0, Z; Y ) obeying dual boundary conditions in spacetime and twistor space, respectively.
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4 Regularization of twistor-space quasi-amplitudes
4.1 Motivation and summary of results
At the level of the perturbative expansion of the master fields, the ⋆-products on the right-hand sides of
(57) may produce singularities in the homotopy integration variables for particular initial data C . At the
level of classical observables, additional potential divergencies may arise as the result of trace operations.
Thus, in order to calculate classical observables, one needs to set up regularization schemes, that in general
may depend on the initial data C . Below, we first assemble a scheme based on analytical continuation of
the closed contour Γ in the homotopy operator ρΓ in (47). We then apply this scheme to the calculation
of twistor-space amplitudes in the sector of twistor-plane waves [13, 14]. We recall that in this sector the
master fields have well-defined perturbative expansions [3] (see also [15]), making it a convenient testing
ground for the formalism.
In the aforementioned context, we wish to remark on the following subtlety: In the sector of twistor
plane waves, the closed-contour homotopy contractor ρΓ collapses to the open-contour contractor ρ as in
(50), leading to the presentation of the master fields in this sector given originally in [3]. However, as one
traces strings of master fields from this sector, singularities appear if one uses ρ, while no singularities appear
if one uses ρΓ with sufficiently large contour Γ. In the latter case, one can exchange the order of integration
between the trace and the homotopy contractions, and evaluate the integrals over Γ using residues.
Proceeding in this fashion, our finding is that in the sector of twistor plane waves there exists at least
one good set of zero-form charges and corresponding quasi-amplitudes, namely those in (98) based on
supertraces on both chiral and anti-chiral sides. Interestingly enough, in this case, the residues in the first
sub-leading order cancel due to twistor identities. One thus remains with the interesting possibility that all
residues vanish, in which case these zero-form charges would be given by their leading contributions in
(104), though we have not found any general argument for such a protection mechanism.
4.2 Large-contour prescription and perturbative associativity
In order to give a prescription for the perturbative expansion of the master fields themselves one has essen-
tially to make sure that it abides by the requirement of associativity.
Assuming that the initial data C is such that there are no branch cuts ending at infinity38, we propose to
avoid any singularities at finite locations by taking all homotopy integration contours large. This prescription
is compatible with integrability if there are no singularities appearing inbetween large homotopy contours
38This holds for twistor-space plane waves.
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as one performs the ⋆-products in the associators of the set {Φ̂(n′), V̂ (n′)}n−1n′=1 .
To spell out the large-contour prescription in more detail, we define the ordered set
{f̂i}
∞
i=0 = {Ĵ , Φ̂
(1), V̂ (1), Φ̂(2), V̂ (2), . . . } , (113)
the equations (35) can be expanded as
qf̂i = C
j,i−j
i f̂j ⋆ f̂i−j , (114)
where Cj,i−ji = 0 if j = 0 or j = i . Using f̂0 ⋆ f̂i = π(f̂i)⋆ f̂0 , one can show that the integrability amounts
to that
Cj,i−ji C
k,j−k
j
[
f̂i−j; f̂k; f̂j−k
]
= 0 , (115)
where the associators [
f̂k; f̂l; f̂m
]
= (f̂k ⋆ f̂l) ⋆ f̂m − f̂k ⋆ (f̂l ⋆ f̂m) . (116)
Repeated homotopy integration yields f̂i (i > 2) as i− 1 closed-contour integrals, viz.
f̂i(Γi−1; Γi−2, . . . ,Γ1) = ρΓi−1
(
Cj,i−ji f̂j(Γj−1; Γj−2, . . . ,Γ1) ⋆ f̂i−j(Γi−2; Γi−3, . . . ,Γj)
)
, (117)
enclosing [0, 1] counter clockwise in accordance with the large-contour prescription: in order to ⋆-multiply
f̂i with other perturbative building-blocks from the left or the right — for example in going higher up in
perturbation theory or in looking at observables — such ⋆-products shall be performed taking all contours
in f̂i to be large, including the last contour Γi−1 . In particular, this prescription applies to qf̂i , since
qf̂ = q̂ ⋆ f̂ − (−1)f̂ f̂ ⋆ q̂ , q̂ =
i
2
dZαZα . (118)
Thus, it follows that qf̂i is given by a large contour integral along Γi−1 that can be deformed back to the
poles coming from γ(ti−1) as to reproduce (114) if the ⋆-products on the right-hand side of (117) yield real-
analytic symbols in Z-space when performed using the large-contour prescription. Applying q once more
one finds the integrability condition (115), which one may as well — having in mind composite operators
— replace by the stronger condition that {f̂i} form an associative algebra, viz.[
f̂k; f̂l; f̂m
]
= 0 , (119)
provided all ⋆-products are performed using the large-contour prescription. These associators vanish if there
are no poles in between the nested large contours.
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Exchanging traces and large-contour homotopy integrals
Suppose that {Φ(n), V̂ (n)}∞n=1 is perturbative solution to the internal Vasiliev equations (57) obtained using
the large-contour prescription (that is, the generates an associative algebra and its members obey (57)). We
then define the zero-form observables in (98)–(100) by first expanding perturbatively and then exchanging
the traces with the closed homotopy integrals. On general grounds, we expect such multiple closed-contour
integrals to be finite and given by residues at infinity, leaving the trivial possibility that these residues vanish
identically for generic solutions, which motivates taking a closer look at a simple case39.
4.3 The twistor plane-wave sector
4.3.1 Definition
We define the twistor plane-wave sector as the set of perturbatively defined solutions for which i) the expan-
sion (107) of the initial data C is in terms of twistor-space plane waves, viz.
Ci(Y ) =
∫
d4Λ fΛ Ci(Λ) , fΛ = e
iY αΛα = ei(yλ+y¯λ¯) , (120)
where Λα = (λα, λ¯α˙) are commuting twistor-space momenta; and ii) the Λ-integrals commute to the
twistor-space integrals that arise in the perturbative expansion of master fields and classical observables.
As we shall see, the second part of this definition requires the closed-contour version ρΓ of the homotopy
contractor defined in (47). Thus, in this sector we have
Φ̂(n)[C, . . . , C] =
∫
d4Λ1 · · · d
4ΛnΦ˜
(n)
Λ1,...,Λn
CΛ1 · · ·CΛn , (121)
V̂ (n)[C, . . . , C] =
∫
d4Λ1 · · · d
4ΛnV˜
(n)
Λ1,...,Λn
CΛ1 · · ·CΛn , (122)
where the symmetric nth order plane-waves
Φ˜
(n)
Λ1,...,Λn
= Φ̂(n)[fΛ1 , . . . , fΛn ] , V˜
(n)
Λ1,...,Λn
= V̂ (n)[fΛ1 , . . . , fΛn ] , (123)
39 We wish to stress that in symbol calculus, as the ordering changes, the nature of the symbol of a given operator, thought of
as a function or a distribution, may change drastically; for example, real-analytic Gaussian symbols may turn into delta functions.
Along such deformations, which form paths in the affine space of orderings, that is, the space of bases for the operator algebra, a
typical phenomenon is that there appear ordering dependent singularities that start moving across the auxiliary t-planes. As these
pass under the closed homotopy contours, the perturbatively defined master fields pick up finite residues that hence depend not only
on the ordering but also the details of how the contours are drawn. These ambiguities are spurious, however, since they drop out
from the traces used in defining observables, which are ordering-independent.
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have well-defined perturbative expansions for open-contour homotopy contractors ρ defined in (50) [3] (see
also [15])40.
4.3.2 Expansion of master fields up to second order
Let us compute the first order correction V˜ (1)Λ1 = V̂
(1)[fΛ1 ] and the second order correction
˜̂
Φ
(2)
Λ1,Λ2 =
Φ̂(2)[fΛ1 ,Λ2] by integrating (70) perturbatively keeping the homotopy contours closed.
Calculation of V˜ (1)Λ1
The first step consists of integrating qV˜ (1)Λ1 = −fΛ1 ⋆ Ĵ =
i
4fΛ1 ⋆ (bdz
2κ̂ + b¯dz¯2̂¯κ) . Using the homotopy
operator ρΓ given in (47) one finds
V˜
(1)
Λ1
= iZ
∮
Γ1
dt1
2πit1
γ(t) tLZ1
(
fΛ1 ⋆
i
4
(bdz2κ̂+ b¯dz¯2̂¯κ)) (124)
which is thus given by the holomorphic and anti-holomorphic parts
fΛ1 ⋆ κ̂ = e
i[(y+λ1)z+y¯λ¯1] fΛ1 ⋆ ̂¯κ = ei[+yλ1−(y¯+λ¯1)z¯]. (125)
Acting with tLZ1 yields
tLZ1
(
dz2 ei[(y+λ1)z+y¯λ¯1]
)
= t21 dz
2 ei[(y+λ1)zt1+y¯λ¯1] (126)
tLZ1
(
dz¯2 ei[+yλ1−(y¯+λ¯1)z¯]
)
= t21dz¯
2 ei[yλ1−(y¯+λ¯1)z¯t1] , (127)
which hold for general t1 ∈ Γ1 . Let us introduce an auxiliary twistor momentum M = (µ, µ¯) and a source
term eiM
αZα
, in order to represent each factor Zα through a partial derivative with respect to M . The
action of the inner product iZ becomes
iZdz
2t21e
i[(y+λ1)zt1+y¯λ¯1] = 2dzαzα t
2
1 e
i[(y+λ1)zt1+y¯λ¯1]
= 2 dzα t1 (−i)
∂
∂µα1
ei[(y+λ1+µ1)zt1+y¯λ¯1]
∣∣∣∣
µ1=0
(128)
40It would be interesting to find the exact solution to the Vasiliev equations with initial data C = gΛ + π(g†Λ) where gΛ =
C˜Λ(fΛ + π(τ (fΛ)) with fixed twistor-space momentum obeying (λα)† = λ¯α˙. In the classical perturbation theory, the twistor
plane waves are in the same regularity class as polynomials. In this sense, one may think of the aforementioned solutions as
generalizations of the exact O(3, 1)-invariant instanton solution of [5] (corresponding to Λ = 0). In the language of quantum
mechanics, twistor plane waves correspond to coherent states, while squeezed states correspond to ordinary one-particle states. In
terms of space-time curvatures, the latter are more localized than the former. This explains why the the perturbative expansion
based on initial data corresponding to boundary-to-bulk propagators [25, 26] is more singular than that in the twistor plane-wave
sector [3, 15]. It would be interesting to see whether the closed-contour contractor ρΓ could be used to simplify the calculations of
[25, 26].
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where µ1 is the first components of the auxiliary twistor momentum M1 = (µ1, µ¯1) and the derivative
operators −i ∂
∂µα1
can be treated as a Z independent quantity and factorized. The expression for the z¯ parts
similar and one obtains
V˜
(1)
Λ1
=
1
2
[
bdzα
∂
∂µα1
+ b¯dz¯α˙
∂
∂µ¯α˙1
] ∮
Γ
dt1
2πi
γ(t1)
(
φ+µ1(Λ1) + φ
−
µ¯1
(Λ1)
)∣∣∣∣
µ1,µ¯1=0
(129)
where we have defined
φ+µ1(Λ1) = exp i[(y + λ1 + µ1)zt1 + y¯λ¯1] φ
−
µ¯1
(Λ1) = exp i[yλ1 − (y¯ + λ¯1 − µ¯1)z¯t1] (130)
that automatically satisfies the gauge condition since iZ V˜ (1)Λ1 ∼ z
αzαt1 + z¯
αz¯αt1 = 0 .
Calculation of Φ˜(2)Λ1,Λ2
The next step is the integration of the zero-form equation
q Φ˜
(2)
Λ1,Λ2
= −
1
2
(
[V˜
(1)
Λ1
, fΛ2 ]π + [V˜
(1)
Λ2
, fΛ1 ]π
)
(131)
where V˜ (1)Λ1 is given in (129). The momenta Λ1,Λ2 are in general different and Φ˜
(2)
Λ1,Λ2
is symmetrized. The
homotopy operation yields
Φ˜
(2)
Λ1,Λ2
= −
1
2
iZ
∮
Γ2
dt2
2πt2
γ(t2)t
LZ
2
(
[V˜
(1)
Λ1
, fΛ2 ]π + [V˜
(1)
Λ2
, fΛ1 ]π
)
. (132)
We split the first ⋆-commutators on the r.h.s. of (131) in two parts following the definitions in (130) and
perform the ⋆-products using
fΛ ⋆ f̂(y, y¯; z, z¯) = fΛ f̂(y + λ, y¯ + λ¯; z − λ, z¯ + λ¯) , (133)
f̂(y, y¯; z, z¯) ⋆ fΛ = fΛ f̂(y − λ, y¯ − λ¯; z − λ, z¯ + λ¯) , (134)
to arrive at the following contribution:
−
1
2
[φ+µ1(Λ1), fΛ2 ]π = e
i[yλ2+y¯λ¯2+y(z−λ2)t1+y¯λ¯1] cos
[
λ¯2λ¯1 − (λ1 − λ2 + µ1)(z − λ2)t1
]
, (135)
and a similar expression for the complex conjugate. To act with iZtLZ2 on the one-forms in (132) we
introduce another auxiliary twistor momentum M2 = (µ2, µ¯2) with its source term eiM
α
2 Zα , such that
iZt
LZ
2
(
dzα∂µα1 [φ
+
µ1
(Λ1), fΛ2 ]π
)
= ∂µ1∂µ2
(
ei µ2z t2tLZ2 [φ
+
µ1
(Λ1), fΛ2 ]π
)∣∣∣
µ1=µ2=0
(136)
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idem. the φ−µ¯1(Λ1)-contribution, where we have used
(
−i ∂
∂µ
β
2
)(
−i ∂
∂µα1
)
ǫαβ = ∂µ1∂µ2 with ∂µ1∂µ2 =
∂αµ1∂µ2,α . Substituting the explicit form of −[φ
+
µ1
(Λ1), fΛ2 ]π given in (135) and −[φ−µ¯1(Λ1), fΛ2 ]π¯ , we
find
Φ˜
(2)
Λ1Λ2
=
i
2
[
b∂µ1∂µ2 + b¯∂µ¯1∂µ¯2
] ∏
i=1,2
∮
Γi
dti
2πiti
γ(ti)
 (137)
× t1
{
φ+µ1,µ2(Λ1,Λ2) + φ
−
µ¯1,µ¯2
(Λ1,Λ2) + (Λ1 ↔ Λ2)
}∣∣
M1,M2=0
,
where we have defined
φ+µ1µ2(Λ1,Λ2) = e
i
[
yλ2(1−t1)+y¯(λ¯1+λ¯2)+(y+
µ2
t1
)z t1t2
]
cos
[
λ¯2λ¯1 − (λ1 − λ2 + µ1)(z t2 − λ2)t1
]
,(138)
and its the complex conjugate φ−µ¯1µ¯2(Λ1,Λ2). So far, the choice of closed contours is immaterial, since
no divergences have appeared. Thus, the closed contours could in principle be converted into open line
integrals. However, as we shall see next, the closed contour prescription will be crucial in calculating
invariant quantities.
4.3.3 Evaluation of zero-form charges in the leading order
Let us evaluate the quasi-amplitudes corresponding to the leading orders (104)–(106) of the zero-form
charges. Using
fΛ1 ⋆ π(fΛ2) ⋆ fλ3 ⋆ · · · ⋆ fΛK−1 ⋆ π(fΛK ) = e
i[Θ1···K+Θ¯1···K ]fΛ1···K (139)
where
λ1...n =
n∑
i=1
(−)i−1λi, λ¯1...(n) =
n∑
i=1
λ¯i , (140)
Θ1...(n) =
n∑
i>j
λiλj , Θ¯1···(n) = −
n∑
i>j
λ¯iλ¯j , (141)
one find the following quasi-amplitudes in the leading order
I˜
(K)
K (Λ1, . . . ,ΛK) =
1
K!
∑
perm.
ei[Θ1...K+Θ¯1...K ] , (142)
(I˜ + + I˜ −)
(K+1)
K+1 (Λ1, . . . ,ΛK+1) =
1
(K + 1)!
∑
perm.
2π δ2(λ1...(K+1)) e
i[Θ1...(K+1)+Θ¯1...(K+1)] , (143)
I˜
′(K)
K (Λ1, . . . ,Λn) =
1
K!
∑
perm.
(2π)2 δ2(λ1...K) δ
2(λ¯1...K) e
i[Θ1...K+Θ¯1...K ] . (144)
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4.3.4 Evaluation of zero-form charges at next-to-leading order
In what follows we use the large-contour prescription to evaluate the first sub-leading terms in the expansion
of the zero-form charges (98)–(100) in the initial data C defined in (74). We shall assume that the gauge
function drops out from the trace, so that dIK = 0 holds manifestly and we can work at the point where
X = P = 0. For simplicity of notation, we shall drop the primes in the remainder of this section.
IK at next-to-leading order
We first treat the zero-form charges IK defined in (98), its perturbative expansion reads (K = 2, 4, 6, . . . )
IK =
∞∑
n=0
I
(K+n)
K , I
(K+n)
K =
1
(K + n)!
∑
n1 + · · · + nK
= K + n
T̂ r
[
Φ̂(n1) ⋆ · · · ⋆ π(Φ̂(nK)) ⋆ κ̂̂¯κ] .
(145)
In the plane-wave basis, the corresponding quasi-amplitudes read41
I˜
(K+n)
K (Λ1, . . . ,ΛK+n) =
∑
n1 + · · · + nK
= K + n
I˜
(n1,...,nK)
K (Λ1, . . . ,ΛK+n) , (146)
I˜
(n1,...,nK)
K (Λ1, . . . ,ΛK+n) =
1
(K + n)!
∑
perm
T̂ r
[
Φ˜
(n1)
Λ
(n1)
1
⋆ · · · ⋆ π(Φ˜
(nK)
Λ
(nK )
K
) ⋆ κ̂̂¯κ] , (147)
where Λ(n) = (Λ1,Λ2 · · ·Λn) and we the denote the nth order plane waves by
Φ˜
(n)
Λ(n)
= Φ˜
(n)
Λ1...Λn
= Φ˜
(n)
Λ1...Λn
(fΛ1 , . . . fΛn) , (148)
The first sub-leading correction I˜ (K+1)K =
K
2
(
I
(2,1,...,1)
K + I
(1,2,1...,1)
K
)
contain formally singular
integrals over Y and Z space. As we shall demonstrate next, choosing to regularize these the large-contour
scheme yields vanishing next-to-leading orders ,
I˜
(K+1)
K = 0 , (149)
where the zeroes are of the form[∮
Γ1
dt1
2πit1
∮
Γ2
dt1
2πit2
γ(t1)
1
(1− t1t2)2
]
× λ2 , (150)
that is, a potential logarithmic divergence times a vanishing square of an external twistor momentum λ.
41The sum over permutations exchanges the K + n external twistor momenta. Before explicit symmetrization the separate
contributions I˜ (K+n)K to the quasi-amplitudes have partial symmetries due to the cyclic property of the trace operation and the
total symmetry of the higher-order plane waves.
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To this end, let us first consider the case K = 2 . We replace one of the linearized plane waves with the
second order plane-wave Φ˜(2)Λ1Λ2 given in (137), that is
I˜
(1,2)
2 =
1
3!
T̂ r
[(
Φ˜
(2)
Λ1Λ2
⋆ π(fΛ3) + fΛ1 ⋆ π(Φ˜
(2)
Λ1Λ2
)
)
⋆ κ̂̂¯κ] (151)
The second-order plane wave is the sum of two contributions φ+µ1µ2(Λ1,Λ2) and φ
−
µ1µ2
(Λ1,Λ2) that we can
treat separately. We obtain four different contributions, namely
fΛ3 ⋆ π(φ
+
µ1µ2
(Λ1,Λ2)) ⋆ κ̂̂¯κ = ei(yz−y¯z¯−zλ3+z¯λ¯3)ei[(z−λ3)λ2(1−t1)+(z¯+λ¯3)(λ¯1+λ¯2)+[(z−λ3)+µ2t1 ](y+λ3) t1t2]
× cos
[
λ¯2λ¯1 − (λ1 − λ2 + µ1)[(y + λ3) t2 − λ2]t1
]
, (152)
φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ κ̂̂¯κ = ei(yz−y¯z¯+zλ3+z¯λ¯3)ei[−(z−λ3)λ2(1−t1)+(z¯−λ¯3)(λ¯1+λ¯2)+[(z−λ3)−µ2t1 ](y−λ3) t1t2]
× cos
[
λ¯2λ¯1 + (λ1 − λ2 + µ1)[(y − λ3) t2 − λ2]t1
]
, (153)
where we have applied (133), and two related expressions for fΛ3⋆π(φ−µ¯1µ¯2(Λ1,Λ2))⋆κ̂̂¯κ and φ−µ¯1µ¯2(Λ1,Λ2)⋆
π(fΛ3) ⋆ κ̂̂¯κ . In the case of φ+-contributions, integration over d2z and d2z¯ gives∫
d2zeiz[−(y+λ3)+λ2(1−t1)+(y+λ3) t1t2] = 2π δ2 ((−y − λ3)(1− t1t2) + λ2(1− t1)) (154)
=
2π
(1− t1t2)2
δ2
(
y + λ3 − λ2
(1− t1)
1− t1t2
)
∫
d2z¯eiz¯[−y¯+λ¯3+λ¯2+λ¯1] = 2π δ2
(
y¯ + λ¯3 + λ¯2 + λ¯1
)
, (155)
and likewise∫
d2zeiz[−y+λ3−λ2(1−t1)+(y+λ3) t1t2] = 2π δ2 ((−y + λ3)(1 − t1t2)− λ2(1− t1)) (156)
=
2π
(1− t1t2)2
δ
(
y − λ3 + λ2
(1− t1)
1− t1t2
)
∫
d2z¯eiz¯[y¯+λ¯3+λ¯2+λ¯1] = 2π δ2
(
−y¯ + λ¯3 + λ¯2 + λ¯1
)
, (157)
where the y-space δ2-functions in (154) and (156) contain the potentially divergent factor 2π
(1−t1t2)2
depend-
ing on the homotopy integration variables that must be regularized using the large-contour prescription. In
fact, when we push both the t1 and t2 contours to infinity the parameters t1 and t2 are large everywhere
and (1 − t1t2)2 6= 0 . This makes the δ2-functions well-defined and we can safely perform the Y -space
integration, viz.
T̂ r[fΛ3 ⋆ π(φ
+
µ1µ2
(Λ1,Λ2)) ⋆ κ̂̂¯κ] = 2π
(1− t1t2)2
e
i[+λ¯3(λ¯1+λ¯2)+λ2λ3[
(1−t1)t1t2
1−t1t2
−(1−t1)]+µ2λ2
(1−t1)t2
1−t1t2
]
cos [λ¯2λ¯1 − (λ1 − λ2 + µ1)(λ2
(1− t1)t1t2
1− t1t2
+ λ2t1)] , (158)
40
T̂ r[φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ κ̂̂¯κ] = 2π(1− t1t2)2 ei[−λ¯3(λ¯1+λ¯2)−λ2λ3[ (1−t1)t1t21−t1t2 +(1−t1)]−µ2λ2 (1−t1)t21−t1t2 ]
cos [λ¯2λ¯1 + (λ1 − λ2 + µ1)(λ2
(1− t1)t1t2
1− t1t2
− λ2t1)] . (159)
Now we observe that the two auxiliary momenta µ1 and µ2 always appear contracted into the same external
twistor momentum λ2 . Hence, when acting with the differential operator ∂µ1∂µ2 as in (137), the above two
contributions vanish, viz.
∂µ1∂µ2 T̂ r[fΛ3 ⋆ π(φ
+
µ1µ2
(Λ1,Λ2)) ⋆ κ̂̂¯κ] ∼ λ2λ2 = 0 (160)
and
∂µ1∂µ2 T̂ r[φ
+
µ1µ2
(Λ1,Λ2) ⋆ π(fΛ3) ⋆ κ̂̂¯κ] ∼ λ2λ2 = 0 . (161)
A related cancellation occurs for the φ(−)-contributions, and we conclude that
I˜
(3)
2 (Λ1,Λ2,Λ3) =
1
3!
T̂ r[(fΛ3 ⋆ π(Φ˜
(2)
Λ1,Λ2
) + Φ˜
(2)
Λ1,Λ2
⋆ π(fΛ3)) ⋆ κ̂̂¯κ] = 0 . (162)
This result generalizes immediately to any K , where one finds that I (K+1)K are given by vanishing contri-
butions of the form T̂ r[fΛ1...(K−1) ⋆ π(Φ˜
(2)
ΛKΛK+1
) ⋆ κ̂̂¯κ] and T̂ r[π(fΛ1...(K−1)) ⋆ Φ˜(2)ΛKΛK+1 ⋆ κ̂̂¯κ] with total
twistor momentum given by (140).
I
±
K+1 at next-to-leading order
We next turn to the zero-form charges I ±K+1 defined in (99). The first sub-leading term in I ±3 is obtained
by replacing in I˜ ±(3)3 (fΛ1 , fΛ2 , fΛ3) one of the linearized plane waves with the second order plane-wave
Φ˜
(2)
Λ1Λ2
, given in (137), that is
I˜
±(4)
3 (Λ1,Λ2,Λ3,Λ4) =
1
(3 + 1)!
∑
permutations
1
2
(TrySTry¯ ± STryTry¯) (163)
×
[
Φ˜
(2)
Λ1Λ2
⋆ π(fΛ3) ⋆ fΛ4 + fΛ1 ⋆ π(Φ˜
(2)
Λ2Λ3
) ⋆ fΛ4 + fΛ1 ⋆ π(fΛ2) ⋆ Φ˜
(2)
Λ3Λ4
]
,
We want to show the vanishing of all the relevant contributions to I˜ ±(4)3 (Λ1,Λ2,Λ3,Λ4) coming from
these three terms vanish, as in the K = 2 case considered above. Here we have to apply the composite
trace operator 12(TrySTry¯ ± STryTry¯) corresponding to a simple trace and the insertion of a ⋆
κ̂±̂¯κ
2 factor.
We can again treat separately the holomorphic and anti-holomorphic part of Φ˜(2)ΛΛ and show that for the
φ+µ1µ2(Λ1,Λ2) part we have
Tr
[
φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆
κ̂± ̂¯κ
2
]
∼ λ2 ± N contributions ∼ 0 (164)
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Tr
[
fΛ1 ⋆ π(φ
+
µ1µ2
(Λ2,Λ3)) ⋆ fΛ4 ⋆
κ̂± ̂¯κ
2
]
∼ λ2 ± N contributions ∼ 0 (165)
Tr
[
fΛ1 ⋆ π(fΛ2) ⋆ φ
+
µ1µ2
(Λ3,Λ4) ⋆
κ̂± ̂¯κ
2
]
∼ λ2 ± N contributions ∼ 0 (166)
where N −1 =
∫
d2z
2π (see (98)). Let us show how this happens. The first and the third contribution are
similar and can be expressed using an effective momentum using (133), i.e.
Φ˜
(2)
Λ1Λ2
⋆ π(fΛ3)⋆fΛ4 = e
iΘ34 Φ˜
(2)
Λ1Λ2
⋆ fΛ34 = e
iΘ34 fΛ34 Φ˜
(2)
Λ1Λ2
(y−λ34, y¯−λ¯34; z−λ34, z¯+λ¯34) (167)
fΛ1⋆ π(fΛ2)⋆ Φ˜
(2)
Λ3Λ4
= eiΘ12 fΛ12 ⋆ Φ˜
(2)
Λ3Λ4
= eiΘ12 fΛ12 Φ˜
(2)
Λ3Λ4
(y+λ12, y¯+λ¯12; z−λ12, z¯−λ¯12) (168)
where we have defined the total momenta Λ34 = (λ3 − λ4, λ¯3 + λ¯4), Λ12 = (λ1 − λ2, λ¯1 + λ¯2) and the
classical parts Θ34 = λ4λ3 − λ¯4λ¯3 Θ12 = λ2λ1,−λ¯2λ¯1. The second one should be considered apart and
we obtain
fΛ1 ⋆π(Φ˜
(2)
Λ2Λ3
) ⋆ fΛ4 = e
iΘ14 fΛ14 Φ˜
(2)
Λ2Λ3
(−y−λ1+λ4, y¯− λ¯1+ λ¯4;−z+λ1+λ4, z¯+λ1+λ4) (169)
where Λ14 = (λ1 + λ4, λ¯1 + λ¯4) and Θ14 = −λ4λ1 − λ¯4λ¯1. We start by considering the first contribution
in (164), that turns out to be the sum of two terms, proportional to κ̂ and ̂¯κ respectively. The κ̂-part is given
by
Tr
[
φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆ κ̂
]
=
2π eiΘ34
(1− t1t2)2
∫
d2z¯ e
i
[
−λ34λ2(1−t1)−λ¯34(λ¯1+λ¯2)+(−λ34−
µ2
t1
)
λ2(1−t1)t1t2
1−t1t2
t1t2
]
× cos
[
λ¯2λ¯1 − (λ1 − λ2 + µ1)(
λ2(1− t1)t1t2
1− t1t2
t1t2 − λ2t1)
]
(170)
which vanishes when we act with two µ1µ2 contracted derivatives
∂µ1∂µ2 Tr
[
φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆ κ̂
]
∼ λ22 = 0 (171)
Instead, the insertion of ̂¯κ produce a non-vanishing contribution, viz.
Tr
[
φ+µ1µ2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆ ̂¯κ] = (172)
2π eiΘ34
(t1t2)2
∫
d2 y¯ d2z δ2(z − λ34 +
λ34 + λ2(1− t1)
t1t2
) δ2(λ¯1 + λ¯2 + λ¯34 − y¯)
× e
i
[
−λ34λ2(1−t1)−λ¯34(λ¯1+λ¯2)−(λ34+
µ2
t1
)(z−λ34)t1t2
]
cos
[
λ¯2λ¯1 − (λ1 − λ2 + µ1) ((z − λ34)t1t2 − λ2t1)
]
(173)
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but it does not contain the infinite chiral volume
∫
d2z¯ and is suppressed by the normalization infinite factor
N . In the anti-holomorphic part Tr
[
φ−µ¯1µ¯2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆
κ̂±̂¯κ
2
]
the roˆle of κ̂ and ̂¯κ is exchanged
and we find
∂µ¯1∂µ¯2Tr
[
φ−µ¯1µ¯2(Λ1,Λ2) ⋆ π(fΛ3) ⋆ fΛ4 ⋆
κ̂± ̂¯κ
2
]
∼ N contributions ± λ¯2 ∼ 0 (174)
∂µ¯1∂µ¯2Tr
[
fΛ1 ⋆ π(φ
−
µ¯1µ¯2
(Λ2,Λ3)) ⋆ fΛ4 ⋆
κ̂± ̂¯κ
2
]
∼ N contributions ± λ¯2 ∼ 0 (175)
∂µ¯1∂µ¯2Tr
[
fΛ1 ⋆ π(fΛ2) ⋆ φ
−
µ¯1µ¯2
(Λ3,Λ4) ⋆
κ̂± ̂¯κ
2
]
∼ N contributions ± λ¯2 ∼ 0 (176)
that allows us to conclude that
I˜
±(4)
3 (Λ1,Λ2,Λ3,Λ4) = 0 (177)
Then, using the total momentum technique that we have explained in the I (N+1)N computation, toghether
with the cyclic property of the trace, we can generalize the result to the general case, i.e.
I˜
±(N+2)
N+1 (Λ1, . . . ,ΛN+2) = 0 (178)
I ′K at next-to-leading order
An argument similar argument to the one used above explains that the next-to-leading order terms vanish
also in the case of the zero-form charges I ′N defined in (100). In other words, these corrections are canceled
by the normalization factor N 2, and one has
I˜ ′
(N+1)
N (Λ1 . . . ,ΛN+1) = 0 . (179)
4.4 Discussion: transgression and all-order protection?
On may ask whether it could not be the case that all sub-leading corrections vanish identically in the plane-
wave sector. In general, looking at more complicated sectors, the first sub-leading correction I (3)2 is a
building block for three-point functions which are usually constrained by symmetry. However, the cancel-
lations replicate for arbitrary K which begs for an explanation. By analogy with Yang-Mills theory one
may think about the integration over Y -space as tracing over various representations in the fiber, while the
integration over Z-space plays the roˆle of integration in the base manifold, viz.
IK = − 8 T̂ r[F̂ ⋆ F̂ ⋆ Ψ̂
⋆(K−2)] , (180)
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where we use the notation given in (96) and it is understood that the trace operation peels off the volume
form d2zd2z¯ in Z-space. Thus, for K = 1 one thus has the standard transgression formula
I2 = − 8 T̂ r
[
q
(
V̂ ⋆ qV̂ +
2
3
V̂ ⋆3
)]
, (181)
where the exterior derivative has been pulled out without making use of any homotopy contraction operator,
which suggests that I (n)2 vanish for all n > 3 . This leads to the natural question whether it is possible
to pull out a q from the integrand in (180) without using any homotopy operator, that is, by using only the
constraints, which can be decomposed into holomorphic and anti-holomorphic components as follows:
∂ Û + Û ⋆ Û = Ω Ψ̂ , ∂¯ Û + Û ⋆ Û = Ω Ψ̂ , (182)
∂ Û + ∂¯Û + Û ⋆ Û + Û ⋆ Û = 0 , (183)
∂¯ Ψ̂ + Û ⋆ Ψ̂− Ψ̂ ⋆ Û = 0 , ∂ Ψ̂ + Û ⋆ Ψ̂− Ψ̂ ⋆ Û = 0 , (184)
where we have defined
∂ = dzα∂α , ∂¯ = dz¯
α˙∂α˙ , Û = dz
αV̂α , Û = dz¯
α˙V̂α˙ , (185)
Ω =
ib
4
dz2 , Ω = − (Ω)† =
ib¯
4
dz¯2 . (186)
Indeed, in the next-to-leading order in perturbation theory, the following holomorphic transgression formula
holds for all K:
I
(K+1)
K =
−32K
K+1 T̂ r
[
∂¯
{
Ω
[
Û
(2)
(Ψ̂(1))K−1 +
1
2
Û (1)
(
Ψ̂(2)(Ψ̂(1))K−2 + · · ·+ (Ψ̂(1))K−2Ψ̂(2)
)]}]
,
(187)
where we have suppressed the stars, but we have not found any generalization to higher orders.
5 Conclusions
In this paper we have addressed an aspect of the issue of localizability in Vasiliev’s four-dimensional higher-
spin gravity: the aim is the identification of sub-sectors of the classical moduli space consisting of solutions
with well-defined centers of mass that exhibit cluster-decomposition at the level of a suitable set of classical
observables. More precisely, we have focused on the regularization of a particular set of classical observ-
ables, referred to as zero-form charges, that do not break any higher-spin gauge symmetries and that depend
only on the locally defined curvatures and their derivatives in a single coordinate chart. These observables
can be defined non-perturbatively and then be given a double perturbative expansion: one first expands such
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a charge, I say, in the Weyl zero-form comprising all curvatures and their derivatives on shell; at each
order, n say, this yields an n-linear gauge-equivariant functional I (n) on the infinite-dimensional Weyl
zero-form module; one then fixes a specific representation of the Weyl zero-form module, which essentially
amounts to choosing boundary conditions, after which I (n) can be given a separate expansion in terms of
the quantum numbers used to label the states of the representation in question and interpreted as the basic
building blocks for dual amplitudes that we refer to as quasi-amplitudes.
The zero-form charges are functionals I [Φ̂] of the full Weyl zero-form Φ̂ given by are integrals over the
twistor (Y,Z)-space of star polynomials in Φ̂′ and π(Φ̂′) where Φ̂′ := Φ̂|p is the value of Φ̂ at a single point
p ∈ M . This value can in its turn be expanded perturbatively in terms of the initial datum C := Φ̂′|Z=0,
introducing auxiliary contour integrals used to homotopy contract the exterior derivative on the twistor Z-
space. The resulting perturbative C-expansions of the locally accessible zero-form charges I [Φ̂] are thus
given by nested auxiliary and twistor-space integrations, where the latter come from star products and the
trace operation.
Depending on the choice external states in the corresponding quasi-amplitudes, these nested integrals
exhibit various singularity structures: one type stems from strongly coupled derivative expansions in space-
time and presents itself already at the level of the perturbative expansion of the locally defined fields (prior to
inserting them into the zero-form charges); another type stems from tracing over the doubled twistor space.
Physically speaking, the former divergencies are important for the ordinary holographic approach based
on spacetime lowest-weight states that can be described perturbatively by boundary-to-bulk propagators:
indeed the authors of [25, 26] have found that there exist deformed integration contours in twistor space
turning such potential divergencies into well-defined residues reproducing three-point correlation functions
of free-field currents in accordance with the proposals of [58, 59, 60].
In this paper we have instead examined the second type of divergencies that appear already in the sector
of twistor-space plane waves (that has been proposed to correspond to amplitudes of topological open strings
[16]). We have proposed a regularization scheme based on keeping the twistor-space contours fixed and
instead performing the auxiliary integrations over large closed contours (see Sections 2.3 and 4.2). This
prescription respects associativity and hence higher-spin gauge invariance for external states such that no
poles appear in between the auxiliary closed contours in the limit when they are all taken to be large enough
(which essentially amounts to that the regularized values are given by the collection of residues at the
infinities in the complex planes of the auxiliary integration variables). Using this prescription, we have
found that the first sub-leading correction to a number of quasi-amplitudes vanish.
We would like to hight-light the following open problems:
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• Does the protection of quasi-amplitudes in the twistor-space plane-wave sector persist to higher orders
or are they a special feature of the next-to-leading order? Is there a correlation between protection
and the existence of perturbatively defined transgression formulae (see discussion in Section 4.4)? We
wish to stress the fact that it may in principle turn out to be the case that our regularization scheme
actually yields trivial corrections, at least in the twistor-space plane-wave sector.
• Do the quasi-amplitudes correspond to actual amplitudes of the topological open string theory in
singleton phase space as proposed in [16]? To this end, it has been proposed in [9] to complete the
zero-form charges by additional contributions within a duality extended scheme that can be taken
off shell such that the completions can be interpreted as the values on shell of classically marginal
deformations of a topological bulk action.
• Turning to (possibly duality extended) quasi-amplitudes for external boundary-to-bulk states or one-
body solutions [30, 10], does the regularization procedure proposed here lead to a well-defined result?
In that case, does it describe new sectors of free conformal field theory? For example, one may treat
the standard canonical quantization of the boundary theory as a trace with an insertion of a vacuum-
to-vacuum projector and then examine the effects of replacing this insertion by other operators such
as for example Klein operators of the oscillator algebras of the free fields.
Two related issues, that we also think are very interesting, concern the role our regularization procedure
may have to play in the evaluation on shell of various marginal deformations in even positive degrees given
by different homotopy charges defined in a soldered phase of the theory [9]:
• A complex on-shell closed form of degree two is proposed in [10] to detect centers-of-mass of multi-
body solutions; these solutions involve auxiliary contour integrals that can be deformed following the
scheme that we have proposed.
• An on-shell closed form of degree four is proposed in [9] as generating functional for holographic am-
plitudes. Upon supplementing counter terms on the boundary of spacetime and possibly also twistor
space (corresponding to a subtractive regularization scheme rather that the multiplicative one spelled
out in Section 3.2), can one apply our regularization scheme to calculate holographic correlation
functions? Is it possible to relate our prescription (that deforms the auxiliary homotopy integration
contours) to the prescription used successfully in [25, 26] (that instead deforms the contours in twistor
space)?
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A Normal-ordered symbols
The perturbative expansion in twistor space is facilitated by going to the normal order that reduces
to Weyl order for composites depending only on Y α or Zα, and that preserves manifest invariance
of the diagonal sp(4) subalgebra of the sp(4)Y ×sp(4)Z algebra preserved by Weyl order; the basic
contractions of the sp(4)diag-invariant normal order are given by︷ ︸︸ ︷
YαYβ = iCαβ ,
︷ ︸︸ ︷
YαZβ = − iCαβ ,
︷ ︸︸ ︷
ZαYβ = iCαβ ,
︷ ︸︸ ︷
ZαZβ = − iCαβ , (188)
where
︷︸︸︷
f̂ ĝ := f̂ ⋆ĝ− f̂ ĝ . In terms of the doublets defined by Y α = (yα, y¯α˙) and Zα = (zα,−z¯α˙),
one has
︷︸︸︷
yαyβ = iǫαβ ,
︷︸︸︷
yαzβ = − i ǫαβ ,
︷︸︸︷
zαyβ = i ǫαβ ,
︷︸︸︷
zαzβ = − iǫαβ , (189)
and hermitian conjugates. For polynomial polynomial composites, one thus has
f̂(Y, Z) ⋆ ĝ(Y, Z) =
∫
R
d4Sd4T
(2π)4
eiT
αSα f̂(Y + S, Z + S)ĝ(Y + T, Z − T ) , (190)
that is,
f̂(y, y¯; z, z¯) ⋆ ĝ(y, y¯, z; z¯) =∫
R
d2ξd2ηd2ξ¯d2η¯
(2π)4
eiη
αξα+iη¯α˙ ξ¯α˙ f̂(y + ξ, y¯+ ξ¯; z + ξ, z¯ − ξ¯) ĝ(y + η, y¯ + η¯; z − η, z¯ + η¯) , (191)
where the 8-dimensional auxiliary integration domain42 can be equivalently taken to be either real
or chiral, viz.
real domain R : (ξα, ηα)† = (ξ¯α˙, η¯α˙) , (192)
chiral domain R : (ξα, ηα)† = (ξα, ηα) , (ξ¯α˙, η¯α˙)† = (ξ¯α˙, η¯α˙) , (193)
42Generic ordering schemes requires 16-dimensional auxiliary integrals.
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giving rise to different non-polynomial extensions. In this paper we shall consider chiral extensions
which are easier to implement due to the chiral nature of the Klein operators, whose normal-
ordered form reads
κ̂ = exp(iyαzα) , ̂¯κ = κ̂† = exp(−iy¯α˙z¯α˙) . (194)
In general, one always has︷ ︸︸ ︷
Yα f̂ = i
(
∂(Y )α − ∂
(Z)
α
)
f̂ ,
︷ ︸︸ ︷
Zα f̂ = i
(
∂(Y )α − ∂
(Z)
α
)
f̂ , (195)︷︸︸︷
f̂ Yα = − i
(
∂(Y )α + ∂
(Z)
α
)
f̂ ,
︷︸︸︷
f̂ Zα = i
(
∂(Y )α + ∂
(Z)
α
)
f̂ . (196)
References
[1] M. A. Vasiliev, “Consistent equation for interacting gauge fields of all spins in
(3+1)-dimensions,” Phys. Lett. B243 (1990) 378–382.
[2] M. A. Vasiliev, “Closed equations for interacting gauge fields of all spins,” JETP Lett. 51
(1990) 503–507.
[3] M. A. Vasiliev, “Properties of equations of motion of interacting gauge fields of all spins in
(3+1)-dimensions,” Class.Quant.Grav. 8 (1991) 1387–1417.
[4] M. A. Vasiliev, “More on equations of motion for interacting massless fields of all spins in
(3+1)-dimensions,” Phys. Lett. B285 (1992) 225–234.
[5] E. Sezgin and P. Sundell, “An exact solution of 4D higher-spin gauge theory,”
Nucl. Phys. B762 (2007) 1–37, arXiv:hep-th/0508158.
[6] C. Iazeolla, E. Sezgin, and P. Sundell, “Real Forms of Complex Higher Spin Field Equations
and New Exact Solutions,” Nucl. Phys. B791 (2008) 231–264,
arXiv:0706.2983 [hep-th].
[7] C. Iazeolla and P. Sundell, “A Fiber Approach to Harmonic Analysis of Unfolded Higher-
Spin Field Equations,” JHEP 10 (2008) 022, arXiv:0806.1942 [hep-th].
[8] N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS and
the BMV Conjecture: I. General Formalism,” JHEP 07 (2009) 013,
arXiv:0812.3615 [hep-th].
48
[9] E. Sezgin and P. Sundell, “Geometry and Observables in Vasiliev’s Higher Spin Gravity,”
arXiv:1103.2360 [hep-th].
[10] C. Iazeolla and P. Sundell, “Families of Exact Solutions to Vasiliev’s 4D Equations with
Spherical, Cylindrical and Axial Symmetry. Work in progress,”.
[11] M. A. Vasiliev, “Equations of motion of interacting massless fields of all spins as a free
differential algebra,” Phys. Lett. B209 (1988) 491–497.
[12] M. A. Vasiliev, “Consistent equations for interacting massless fields of all spins in the first
order in curvatures,” Annals Phys. 190 (1989) 59–106.
[13] M. A. Vasiliev, “Algebraic aspects of the higher spin problem,”
Phys. Lett. B257 (1991) 111–118.
[14] K. I. Bolotin and M. A. Vasiliev, “Star-product and massless free field dynamics in AdS(4),”
Phys. Lett. B479 (2000) 421–428, arXiv:hep-th/0001031.
[15] S. F. Prokushkin and M. A. Vasiliev, “Higher-spin gauge interactions for massive matter
fields in 3D AdS space-time,” Nucl. Phys. B545 (1999) 385, arXiv:hep-th/9806236.
[16] J. Engquist and P. Sundell, “Brane partons and singleton strings,”
Nucl. Phys. B752 (2006) 206–279, arXiv:hep-th/0508124.
[17] E. Sezgin and P. Sundell, “On an exact cosmological solution of higher spin gauge theory,”
arXiv:hep-th/0511296.
[18] S. B. Giddings and D. Marolf, “A global picture of quantum de Sitter space,”
Phys. Rev. D76 (2007) 064023, arXiv:0705.1178 [hep-th].
[19] N. Boulanger and P. Sundell, “An action principle for Vasiliev’s four-dimensional
higher-spin gravity,” arXiv:1102.2219 [hep-th].
[20] S. B. Giddings, D. Marolf, and J. B. Hartle, “Observables in effective gravity,”
Phys. Rev. D74 (2006) 064018, arXiv:hep-th/0512200.
[21] M. Gary and S. B. Giddings, “Relational observables in 2d quantum gravity,”
Phys. Rev. D75 (2007) 104007, arXiv:hep-th/0612191.
49
[22] M. Gary, S. B. Giddings, and J. Penedones, “Local bulk S-matrix elements and CFT
singularities,” Phys. Rev. D80 (2009) 085005, arXiv:0903.4437 [hep-th].
[23] N. Doroud and L. Smolin, “An Action for higher spin gauge theory in four dimensions,”
arXiv:1102.3297 [hep-th].
[24] N. Boulanger, C. Iazeolla, and P. Sundell, “Unfolding Mixed-Symmetry Fields in AdS and
the BMV Conjecture: II. Oscillator Realization,” JHEP 07 (2009) 014,
arXiv:0812.4438 [hep-th].
[25] S. Giombi and X. Yin, “Higher Spin Gauge Theory and Holography: The Three-Point
Functions,” arXiv:0912.3462 [hep-th].
[26] S. Giombi and X. Yin, “Higher Spins in AdS and Twistorial Holography,”
arXiv:1004.3736 [hep-th].
[27] V. E. Didenko, A. S. Matveev, and M. A. Vasiliev, “BTZ black hole as solution of 3d higher
spin gauge theory,” Theor. Math. Phys. 153 (2007) 1487–1510,
arXiv:hep-th/0612161.
[28] V. E. Didenko, A. S. Matveev, and M. A. Vasiliev, “Unfolded Description of AdS4 Kerr
Black Hole,” Phys. Lett. B665 (2008) 284–293, arXiv:0801.2213 [gr-qc].
[29] V. E. Didenko, A. S. Matveev, and M. A. Vasiliev, “Unfolded Dynamics and Parameter Flow
of Generic AdS(4) Black Hole,” arXiv:0901.2172 [hep-th].
[30] V. E. Didenko and M. A. Vasiliev, “Static BPS black hole in 4d higher-spin gauge theory,”
Phys. Lett. B682 (2009) 305–315, arXiv:0906.3898 [hep-th].
[31] R. L. Bryant, S. S. Chern, R. B. Gardner, H. L. Goldschmidt, and P. A. Griffiths, Exterior
differential systems, vol. 18 of Mathematical Sciences Research Institute Publications.
Springer-Verlag, New York, 1991.
[32] D. Sullivan, “Infinitesimal computations in topology,”
Inst. Hautes ´Etudes Sci. Publ. Math. (1977) no. 47, 269–331 (1978).
[33] L. Castellani, P. Fre, and P. van Nieuwenhuizen, “A review of the group manifold approach
and its application to conformal supergravity,” Ann. Phys. 136 (1981) 398.
50
[34] R. D’Auria and P. Fre, “Geometric Supergravity in d = 11 and Its Hidden Supergroup,”
Nucl. Phys. B201 (1982) 101–140.
[35] P. van Nieuwenhuizen, “Free graded differential superalgebras,”. Invited talk given at 11th
Int. Colloq. on Group Theoretical Methods in Physics, Istanbul, Turkey, Aug 23- 28, 1982.
[36] L. Castellani, P. Fre, F. Giani, K. Pilch, and P. van Nieuwenhuizen, “Beyond d = 11
supergravity and cartan integrable systems,” Phys. Rev. D26 (1982) 1481.
[37] R. D’Auria, P. Fre, P. K. Townsend, and P. van Nieuwenhuizen, “Invariance of actions,
rheonomy and the new minimal N=1 supergravity in the group manifold approach,”
Ann. Phys. 155 (1984) 423.
[38] M. A. Vasiliev, “Higher-spin gauge theories in four, three and two dimensions,”
Int. J. Mod. Phys. D5 (1996) 763–797, arXiv:hep-th/9611024.
[39] M. A. Vasiliev, “Higher spin symmetries, star-product and relativistic equations in AdS
space,” arXiv:hep-th/0002183.
[40] X. Bekaert, S. Cnockaert, C. Iazeolla, and M. A. Vasiliev, “Nonlinear higher spin theories in
various dimensions,” in First Solvay Workshop on Higher Spin Gauge Theories, G. Barnich
and G. Bonelli, eds. International Solvay Institutes, 2005. Lectures given by M. A. Vasiliev
at the first Solvay Workshop on Higher Spin Gauge Theories, Brussels, Belgium, 12-14 May
2004.
[41] A. K. H. Bengtsson, “Towards Unifying Structures in Higher Spin Gauge Symmetry,”
SIGMA 4 (2008) 013, arXiv:0802.0479 [hep-th].
[42] X. Bekaert, N. Boulanger, and P. Sundell, “How higher-spin gravity surpasses the spin two
barrier: no-go theorems versus yes-go examples,” arXiv:1007.0435 [hep-th].
[43] M. A. Vasiliev, “Equations of motion for d = 3 massless fields interacting through
Chern-Simons higher spin gauge fields,” Mod. Phys. Lett. A7 (1992) 3689–3702.
[44] M. A. Vasiliev, “Higher-Spin Gauge Interactions for Matter Fields in Two Dimensions,”
Phys. Lett. B363 (1995) 51–57, arXiv:hep-th/9511063.
51
[45] M. A. Vasiliev, “Deformed oscillator algebras and higher-spin gauge interactions of matter
fields in 2+1 dimensions,” arXiv:hep-th/9712246.
[46] M. P. Blencowe, “A consistent interacting massless higher spin field theory in d = (2+1),”
Class. Quant. Grav. 6 (1989) 443.
[47] M. A. Vasiliev, “Nonlinear equations for symmetric massless higher spin fields in (A)dS(d),”
Phys. Lett. B567 (2003) 139–151, arXiv:hep-th/0304049.
[48] A. Sagnotti, E. Sezgin, and P. Sundell, “On higher spins with a strong Sp(2,R) condition,”
arXiv:hep-th/0501156.
[49] M. Alexandrov, M. Kontsevich, A. Schwartz, and O. Zaboronsky, “The Geometry of the
master equation and topological quantum field theory,”
Int. J. Mod. Phys. A12 (1997) 1405–1430, arXiv:hep-th/9502010.
[50] C. Hofman and W.-K. Ma, “Deformations of topological open strings,” JHEP 01 (2001)
035, arXiv:hep-th/0006120.
[51] J.-S. Park, “Topological open p-branes,” arXiv:hep-th/0012141.
[52] C. M. Hofman and W. K. Ma, “Deformations of closed strings and topological open
membranes,” JHEP 06 (2001) 033, arXiv:hep-th/0102201.
[53] N. Ikeda, “Deformation of BF theories, topological open membrane and a generalization of
the star deformation,” JHEP 07 (2001) 037, arXiv:hep-th/0105286.
[54] C. Hofman and J.-S. Park, “Topological open membranes,” arXiv:hep-th/0209148.
[55] C. Hofman and J.-S. Park, “BV quantization of topological open membranes,”
Commun. Math. Phys. 249 (2004) 249–271, arXiv:hep-th/0209214.
[56] G. Barnich and M. Grigoriev, “BRST extension of the non-linear unfolded formalism,”
arXiv:hep-th/0504119.
[57] G. Barnich and M. Grigoriev, “First order parent formulation for generic gauge field
theories,” arXiv:1009.0190 [hep-th].
52
[58] B. Sundborg, “Stringy gravity, interacting tensionless strings and massless higher spins,”
Nucl. Phys. Proc. Suppl. 102 (2001) 113–119, arXiv:hep-th/0103247.
[59] E. Sezgin and P. Sundell, “Massless higher spins and holography,”
Nucl. Phys. B644 (2002) 303–370, arXiv:hep-th/0205131.
[60] I. R. Klebanov and A. M. Polyakov, “AdS dual of the critical O(N) vector model,”
Phys. Lett. B550 (2002) 213–219, arXiv:hep-th/0210114.
[61] M. Bianchi, J. F. Morales, and H. Samtleben, “On stringy AdS(5) x S**5 and higher spin
holography,” JHEP 07 (2003) 062, arXiv:hep-th/0305052.
[62] J. Engquist, P. Sundell, and L. Tamassia, “On singleton composites in non-compact WZW
models,” JHEP 02 (2007) 097, arXiv:hep-th/0701051.
[63] E. Sezgin and P. Sundell, “Analysis of higher spin field equations in four dimensions,”
JHEP 07 (2002) 055, arXiv:hep-th/0205132.
[64] J. Engquist, E. Sezgin, and P. Sundell, “Superspace formulation of 4D higher spin gauge
theory,” Nucl. Phys. B664 (2003) 439–456, arXiv:hep-th/0211113.
[65] M. A. Vasiliev, “Higher spin gauge theories: Star-product and AdS space,”
arXiv:hep-th/9910096.
[66] E. Sezgin and P. Sundell, “Holography in 4D (super) higher spin theories and a test via cubic
scalar couplings,” JHEP 07 (2005) 044, arXiv:hep-th/0305040.
[67] M. A. Vasiliev, “Actions, charges and off-shell fields in the unfolded dynamics approach,”
Int. J. Geom. Meth. Mod. Phys. 3 (2006) 37–80, arXiv:hep-th/0504090.
53
